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In this work, the radiative capture reactions 7Li(n, γ)8Li, 7Be(p, γ)8B, 3He(α, γ)7Be,
and 3H(α, γ)7Li are studied using halo effective field theory (EFT). These capture reac-
tions are some of the key nuclear reactions for the solar neutrino production and heavy
element production in stellar and primordial nucleosyntheses. At low energy, halo EFT
provides a model independent framework to describe physical observable as an expansion
of a low momentum scale over a high momentum scale with well-defined error estimates.
In this dissertation, electric dipole (E1) capture cross section of 7Li(n, γ)8Li reaction
is calculated as a coupled channel using EFT with excited 7Li? core and is compared with
EFT without the excited 7Li? core. Then we extend our coupled channel treatment to
7Be(p, γ)8B reaction which is the iso-spin mirror of 7Li(n, γ)8Li by adding the Coulomb
force in the calculation. Similar to 7Li(n, γ)8Li calculation, we calculate the astrophys-
ical S-factor for 7Be(p, γ)8B reaction using the two halo EFTs, one halo EFT without
excited 7Be? core and the other halo EFT with the excited 7Be? core as an explicit degree
of freedom.
We present a formalism to compare different EFT power countings using Bayesian
analysis. This is useful when the EFT couplings are poorly known, and one has competing
power counting proposals. The S-factor for 3He(α, γ)7Be reaction was calculated for
two competing power countings in halo EFT approach. The two power countings defer in
the contribution of the two body currents. In one power counting, the two body currents
contribute at the leading order and in the other power counting, the two body currents
contribute at higher orders. Bayesian inference is drawn to estimate EFT parameters and
calculate the posterior odds in order to do the model comparison. The posterior odds is
used to propose the best power counting. We extend our calculation to the iso-spin mirror
3H(α, γ)7Li reaction using the same expressions by making the appropriate changes in
masses, charges, and binding momenta. We estimate the EFT parameters and calculate the
posterior odds using Bayesian analysis. The best power counting is proposed using the
posterior odds.
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The main goal of nuclear physics is to study about the constituents, structure, and
reactions of atomic nuclei. In the nuclear landscape, among several thousands of nuclides
only around 288 of them are known to be stable [2]. These stable nuclides are within the
valley of stability and the unstable nuclides cover the vast area of the chart away from
the valley of stability to the drip lines. In the microscopic picture, the structure of nuclei
vary from one nucleon system to large systems with several hundreds of nucleons and the
biggest challenge is to find a single method to describe all the systems starting with lightest
to the heaviest. Quantum Chromodynamics (QCD) is the microscopic theory that describes
the strong interaction between quarks and gluons. Quarks interact with each other via
exchanging gluons and form protons and neutrons which are collectively called nucleons.
Nucleons are the subatomic particles of nuclei. In QCD, the relevant degrees of freedom
are quarks and gluons. QCD approach is suited for high energy regime because the quarks
interact weakly and behave like free particles. However, at low energy the interaction
becomes strong and that leads to the confinement of quarks. Thus at low energy QCD
calculations cannot be done accurately without great effort. At these energies, Effective
Field Theory (EFT) is a good approach to describe nuclear systems.
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The basic idea behind EFT is that low energy phenomena can be explained without
considering the details of the dynamics at high energy. This allows an effective Lagrangian
with few degrees of freedom to describe the low energy physics. The degrees of freedom
that enter at high energy are excluded from the low energy calculations while their effect is
absorbed into the low energy couplings and short range operators. As an example, consider
a nucleon scattering off of a nucleus. In this case, the low energy degrees of freedom are
the nucleon and nucleus and it is not required to consider the quark degrees of freedom
explicitly to calculate the elastic scattering cross section.
In EFT, the low energy observables are expanded in powers of a small expansion pa-
rameter Q
Λ
 1, whereQ is the low momentum scale and Λ is the cutoff scale. Even though
the EFT expansion consists of an infinite number of terms, only a finite number of terms
contribute at a given power of Q
Λ
. Thus the low energy observables can be determined up
to an arbitrary power n of Q
Λ
with an error of order (Q
Λ
)n+1. This systematic expansion is
called the power counting. One might achieve a higher precision by increasing the order
of the expansion n, consequently this introduces more unknown coefficients that need to
be estimated from experimental measurements or numerical calculations like lattice QCD.
On the other hand there should be a clear separation in the two momentum scales Q and Λ
in order to achieve a higher accuracy with a small uncertainty.
In this dissertation, we use halo EFT to describe low energy capture reactions. Halo
nuclei were first discovered by Tanihata and his group at Lawrence Berkeley Laboratory
in 1985 [3, 4]. In halo nuclei, usually the last one or two valence nucleons are weakly
bound to the tight inert core containing all the other nucleons. There are two kinds of halo
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nuclei: neutron halos and proton halos. The neutron halos lie on or closer to neutron drip
line at the limits of nuclear stability and some examples are 6He, 11Li, 11Be, and 15C while
the proton halos lie on or closer to proton drip line and some examples are 8B, 26P, and
17Ne. Proton halos are more unstable than neutron halos because of the repulsive forces
of the excess protons. Nuclear physicists are curious about the halo nuclei because they
are exotic nuclei and most importantly the heavy elements production in stellar and Big
Bang nucleosynthesis (BBN) proceeds through the halo nuclei [5]. EFT approach to halo
nuclei is promising because in halo nuclei, one or more nucleons are weakly bound to the
tight core providing a clear separation in momentum scales Q and Λ. In this case the low
momentum scale Q is set by the momentum related to the separation energy of the valence
nucleon and the cutoff scale Λ is set by the momentum related to the break up energy of
the tight core. In recent years, EFT has been applied to few nucleon systems with two,
three or four nucleons [6, 7] and to halo nuclei in Ref. [8]. The electromagnetic properties
of the 11Be is studied using halo EFT in Refs. [9, 10]. In Refs. [11, 12] the calculations are
done treating the nucleus as an effective three-body system. Halo EFT approach is used to
calculate the radiative capture cross section of 7Li(n, γ)8Li reaction in Refs. [13, 14, 15]
and calculate the radiative capture cross section of 7Be(p, γ)8B reaction in Ref. [16].
In our study, we apply halo EFT for radiative capture reactions 7Li(n, γ)8Li, 7Be(p, γ)8B,
3He(α, γ)7Be, and 3H(α, γ)7Li to calculate the cross sections and related S-factors. The
S-factor is a rescaled variant of the cross section and it separates out a large part of the
Coulomb interaction energy term from the cross section. These radiative capture reactions
generate energy and synthesize heavy elements in stellar nucleosynthesis and occur in a
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relatively narrow energy window called Gamow peak. In this narrow, low energy window,
the capture cross section of these reactions drops dramatically with the decreasing energy
due to the strong Coulomb repulsion except for 7Li(n, γ)8Li reaction. As a result of that,
experimental measurements in this energy region are almost impossible and available data
exist only above ∼100 keV. Therefore theoretical calculations are needed to extrapolate
the available data down to the astrophysically relevant energies around 20 keV. The four
reactions mentioned above are halo systems. Therefore, the model independent halo EFT
approach comes in handy because EFT calculations can be systematically improved and
has well-defined error estimates compared to other widely used theoretical models like
potential model that does not have reliable error estimates.
We need to consider three important things in order to describe the radiative capture
reactions and they are initial scattering state, final bound state, and intermediate transition
operator to connect the initial and final states. In chapter 2, we develop a formalism to
describe the initial scattering state and that is sufficient to describe the final bound state as
well. In some of the radiative capture reactions a single charged particle is involved in the
initial state interaction, and in that case the Coulomb force need not to be considered. On
the other hand the interactions between two charged particles involve the Coulomb force.
We describe both cases: scattering without Coulomb force and scattering with Coulomb
force, deriving all the necessary expressions. These expressions are used in the later chap-
ters to perform the cross section and S-factor calculations.
7Li(n, γ)8Li is the iso-spin mirror of the 7Be(p, γ)8B reaction and there is no Coulomb
force between the neutron and the 7Li in the 7Li(n, γ)8Li system. Therefore 7Li(n, γ)8Li sys-
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tem is used to guide the 7Be(p, γ)8B calculations. In this dissertation, we calculate the
cross section for this reaction up to Next-to-Leading Order (NLO) using two halo EFTs. In
one the excited 7Li? core is not included as an explicit degree of freedom and in the other
the excited 7Li? core is considered as an explicit degree of freedom. Next, we extend our
calculations to 7Be(p, γ)8B system by adding the Coulomb force in the interaction.
The capture reaction 7Be(p, γ)8B is one of the main source of solar neutrino production
through the β+ decay of 8B. Most of the high energy neutrinos come from this source and
they were detected at Super-K [17] and SNO [18] and the solar neutrino flux is almost
proportional to the capture cross section. There is a factor of two discrepancy between
the theoretically calculated neutrino flux and the experimentally measured flux and this
is called the solar neutrino problem. Therefore scientists pay special attention towards
calculating the cross section of this reaction. When the solar neutrinos go through the
atmosphere they oscillate into different lepton flavors and, as a result, what we observe on
the earth does not look like what we started with and that causes the discrepancy between
the observed and theoretically calculated solar neutrino fluxes. In this work, we calculate
the S-factor of 7Be(p, γ)8B reaction using two halo EFTs one without excited 7Be? core
and the other with the excited 7Be? core as an explicit degree of freedom.
3He(α, γ)7Be , which is discussed in detail in chapter 5, is the main source for the
production of less energetic neutrinos through electron capture on 7Be and these less en-
ergetic neutrinos were detected by the BOREXINO experiment at Gran Sasso [19]. The
3He(α, γ)7Be reaction is also important in solving the so-called lithium problem which
is the discrepancy between the primordial 7Li abundances that are predicted by the stan-
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dard BBN and derived from the observed spectroscopy of metal-poor stars in the galactic
halo [20]. We revisit the 3He(α, γ)7Be calculation in Ref. [21] and recalculate the EFT pa-
rameters and S-factors for two different power countings using Bayesian analysis. Further
we compare the two power countings using posterior odds. Next we extend our calcula-
tions to 3H(α, γ)7Li reaction which is the iso-spin mirror of 3He(α, γ)7Be. We consider the
same two power countings in the 3H(α, γ)7Li reaction similar to 3He(α, γ)7Be calculation.
The formalism for 3H(α, γ)7Li reaction is very similar to 3He(α, γ)7Be case. Expressions
are similar in both the systems except the charges, masses and the binding momenta. Simi-
lar to 3He(α, γ)7Be case, we use Bayesian analysis to estimate EFT parameters, S-factors
and posterior odds of 3H(α, γ)7Li reaction.
The organization of the dissertation is as follows: In chapter 2, we describe the single
channel and coupled channel scattering in s- and p- partial waves. We consider the two
cases without Coulomb interaction and with Coulomb interaction separately and derive
expressions for s- and p-wave propagators and wave function renormalization constant to
use in later chapters. In chapter 3, we calculate the electric dipole (E1) cross section for
7Li(n, γ)8Li reaction using two halo EFTs one without the excited 7Li? core and the other
with the excited 7Li? core. In chapter 4, we calculate the S-factor for 7Be(p, γ)8B reaction
using halo EFT with the excited 7Be? core degree of freedom. In chapters 5 and 6, we use
Bayesian analysis to estimate EFT parameters and perform model comparisons for capture




SINGLE AND COUPLED CHANNEL SCATTERING IN S-WAVES AND P-WAVES
In this chapter we derive EFT expressions for scattering of two non-relativistic par-
ticles. We do the calculations with and without Coulomb interaction separately. These
expressions are used in later chapters for cross section calculations. We consider the case
of a nucleon scattering off of a nucleus (core). We use the notations C and N to represent
the nucleus with mass mc and the nucleon with mass mn. The total mass M = mc + mn
and the reduced mass µ = mcmn
M
. C and N have charges Zc and Zn respectively. When
the nucleus C has a low-lying excited state C? the scattering can occur through both the
channels, NC → NC (single channel) and NC → NC? (coupled channel). The first
channel corresponds to elastic scattering and the second channel corresponds to inelastic
scattering.
The scattering amplitude in non-relativistic quantum mechanics is usually expanded in




(2l + 1)Al(p)Pl(p̂′ · p̂), (2.1)
where Al(p) is the partial wave amplitude with orbital quantum number l, p and p′ are
the incoming and outgoing momenta in the center of mass (c.m.) frame and Pl(p̂′ · p̂) are
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Legendre polynomials. When the Coulomb force is absent, the partial wave amplitude can









p cot δl − ip
, (2.2)
where δl is the phase shift. Usually if we turn off the interaction then the solution of
a quantum mechanical system can be expressed in terms of Bessel functions. Once we
turn on the interaction we still can write the solution in terms of Bessel functions but the
argument of the Bessel function has to be shifted. This change in the argument is the phase
shift.
For short range interactions the term p cot δl can be expanded via the Effective Range
Expansion (ERE) [23]











4 + ..... , (2.3)
where al, rl, and sl are the scattering length, effective range, and the shape parameter in
the lth partial wave. l = 0, l = 1, and l = 2 are related to s-wave, p-wave, and d-wave
respectively. The angular momentum L = r × p and at a given momentum p, a larger
angular momentum means a larger r. So largerL implies more peripheral collisions and as
a result the probability of colliding the two particles decreases. Therefore, it is reasonable
to expand the scattering amplitude in partial waves. For our calculations we mainly need
the interaction in s-waves and p-waves. We include the capture from d-wave without short
range interaction because the d-wave capture contribution is noticeable at higher momenta.
The coupled channel calculations for s-waves was done in Ref. [24]. We do the calculations
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using the dimer fields instead of four particle interaction and we also extend our calculation
to p-wave coupled channel scattering with Coulomb interaction.
2.1 Single channel scattering in s-waves and p-waves without Coulomb interaction
In this case the relevant low energy degrees of freedom are the nucleon and the ground







































[j] C + h. c.
]
, (2.4)
where N and C fields represent the nucleon and the ground state of the core with masses
mn and mc respectively. We use natural units with ~ = 1 = c. P (ζ)[j] and χ
(ζ)
[j] are the
projectors and the auxiliary fields. The couplings ∆(ζ) and h(ζ) can be determined from
experimental measurements. The indices [j] specify the relevant spin-angular momentum
channels for incoming channel ζ . These projectors depend on spins of the incoming par-
ticles in each interaction. The generic form for the projectors are presented here. In the
proceeding chapters, the exact form for the projectors are defined when describing the
specific reactions.
The Feynman diagrams in the Fig. 2.1 [13] represent the elastic scattering of two par-
ticles in s- and p-wave and in this section we describe the scattering in s-waves. In the
figure, the double and the single solid lines represent the two incoming particles C and N ,




+ · · ·iA( )0 =
iA( )1 =
ih( ) ih( )
= + + · · ·
ih( ) ih( )
Figure 2.1
Elastic scattering in s-waves and p-waves. iA(⇣)l is the scattering amplitude. The double
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where, f0(ξ) is the loop integral and ξ =
√
−p2 + i0+. The full dimer propagator is the

















































q2 + ξ2 − i0+ = −
iµ
2π
(λ+ ξ) . (2.9)
The loop integral f0(ξ) is calculated in arbitrary space-time dimensions D. The loop inte-
gral diverges at large momenta q and this is called the ultraviolet divergence. Dimensional
regularization is used to regulate these divergences by analytically continuing the integral
belowD= 4 and then approachingD= 4. The divergence emerges in the original integral as
poles at D = 4. One can make the integral finite by subtracting the pole term at D = 4 and
this is called the minimal subtraction (MS). The power divergence subtraction (PDS) is a
special kind of dimensional regularization where we regulate divergences not only in D=
4, but also less than 4 [25]. The renormalization scale λ is introduced to keep the dimen-
sions of the couplings fixed in the D dimensions. Physical observables are independent of




= 0 , (2.10)
It is required the above condition to be true because, the loop integral depends on the mo-
mentum and this momentum dependence has to be absorbed in to the momentum depen-
dence of the couplings. The amplitude is a function of the loop integral and the couplings.
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If one part depends on λ then the other part has to depend on λ exactly in the opposite way
to cancel it out. These are first order partial differential equations and we need a boundary
condition to fix them. So experimental measurements can be used to fix the couplings ∆(ζ)
and h(ζ).
The first diagram in Fig. 2.1 gives the elastic scattering amplitude Aζ0(p) for s-waves







, 0) . (2.11)










r0p2 + · · · − ip
. (2.12)
At arbitrarily low momentum p ∼ Q, the EFT scattering amplitude can be expanded in a
Taylor series around p = 0 and can match to the low-energy amplitude, Eq. (2.3), written










p2 − ip = −∆(ζ) − h
(ζ)
2µ
p2 − λ− ip . (2.13)
We get EFT couplings ∆(ζ) and h(ζ) in terms of ERE parameters a(ζ)0 , r
(ζ)
0 and the renor-















where a(ζ)0 and r
(ζ)
0 are the scattering length and the effective range in the corresponding
s-wave channel ζ .









p2(p cot δ1 − ip)
. (2.15)












s1p4 + · · · − ip3
, (2.16)
where a1, r1, and s1 are the scattering volume, effective momentum, and the shape param-
eter in the p-wave.
Similar to s-wave, we can get the p-wave full dimer propagator by summing up the free
dimer propagator, self energy, and the higher order terms in Fig. 2.1 which gives a geomet-

































where λ is the renormalization scale which comes from the dimensional regularization.
The loop integral f1(ξ) is similar to f0(ξ) but f1(ξ) has a derivative because there is a mo-
mentum associated with p-waves. We get the EFT expansion for the scattering amplitude
in p-wave as



















At arbitrarily low momentum p, matching EFT expansion, Eq. (2.18), to the ERE expan-




















p2 − ip3 . (2.19)
We can write the EFT couplings ∆(ζ) and h(ζ) in terms of ERE parameters a(ζ)1 , r
(ζ)
1 , and










µ2h(ζ) =− µ(r(ζ)1 + 3λ) , (2.20)
where a(ζ)1 and r
(ζ)
1 are the scattering volume and the effective momentum in the corre-
sponding p-wave channel ζ .
We have derived all the expressions needed to describe the initial state scattering. The
next step is to describe the final bound state and for that we need the wave function renor-
maliztion constant which makes the bound state wave function satisfy the usual normal-
ization requirement. The prescription for the wave function renormalizaion constant Z(ζ)
is the Lehmann-Symanzik-Zimmermann (LSZ) reduction formula which states that Z(ζ) is
the residue at the pole of the propagator [26].







where the binding energy B(ζ) = [γ(ζ)]2/(2µ) with γ(ζ) is the binding momentum. Using









2.2 Coupled channel scattering in s-waves and p-waves without Coulomb interac-
tion.
The coupled channel calculations involving s-wave states was done in Refs. [27, 24]. In
this work we develop a formalism for p-wave coupled channel scattering for both the case
with and without Coulomb interaction. The formalism is similar to s-wave coupled channel
calculation except that we need effective range corrections at leading order (LO) [28, 29].
In this case the excited core also enters as an additional degree of freedom along with the
nucleon and the ground state of the core. Then, the generic Lagrangian for the interaction





















































[j] C? + h. c.
]
, (2.23)
where the C? field represents the excited core. Π(ζζ
′) and t(ζζ′) are the couplings and E? is
the excitation energy of the excited C? core. The off diagonal elements in the dimer field
χ[j] represent the mixing between the two channels.
2.2.1 Coupled channel scattering in s-waves.
The scattering amplitude of the coupled channel has a form of a 2×2 matrix because we
consider only mixing between two channels and the diagonal elements are the elastic scat-
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tering amplitudes while the off-diagonal elements are the inelastic scattering amplitudes.
The s-wave scattering amplitude can be written as
iA(ab)(p) = −2π
µ
iD(ab)(E, 0) , (2.24)
where E = p2/2µ, the superscripts a and b are the row-column indices of the amplitude
matrix. The dimer propagator is given by
D(E, 0) = D0(E, 0) +D0(E, 0)Σ(E, 0)D(E, 0) , (2.25)
We can get the inverse propagator D−1 from the above expression as
DD−1 = D0D−1 +D0ΣDD−1 ,
1 = D0D−1 +D0Σ ,
D−10 = D−1 + Σ ,
D−1 = D−10 − Σ , (2.26)










−p2 − i0+) 0
0 J0(
√





(λ− x) , (2.28)
and λ is the renormalization group scale. In the self energy matrix Σ, the first diagonal
element Σ(11) corresponds to the self energy term in Fig. 2.1 when the double line is the
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ground state of the core and the second diagonal element Σ(22) corresponds to the self
energy figure when the double line is the excited core. The excited core propagator is
shifted by E → E − E? or equivalently −p2 → −p2 + γ2∆ with γ∆ ≡
√
2µE?. From the




− λδij , (2.29)
where aij are the scattering lengths [30]. The λ independent inverse propagator can be
obtained using the renormalized couplings as
[D(E, 0)]−1 =
























−p2 + γ2∆)− 1a212
. (2.31)
By setting the mixing coupling ∆12 = 1/a12 = 0 we can obtain the single channel ampli-










−p2 + γ2∆)− 1a212
. (2.32)
At momenta p γ∆, the scattering amplitude should be analytic around p = 0 and we can


































2 + . . . . (2.33)
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where a(1)0 and r
(1)
0 are the scattering length and effective range in the corresponding sin-
gle channel. We cannot fix all the three parameters a11, a12, and a22 using low energy
measurements of A(11). So we leave a11 and a12 in terms of a22 [31]. Low momentum
measurement of A(12) could fix the unknown parameter a22 [31]. The amplitudes A(11)

















































2.2.2 Coupled channel scattering in p-waves.
We can derive the scattering amplitude expressions for coupled channel scattering in
two p-waves similar to the s-wave states. The Lagrangian is given by Eq. (2.23). In this
case the scattering amplitude, dimer propagators, and self energy have the form of a 2× 2
matrix. In the amplitude matrix, the diagonal elements are the elastic scattering amplitudes
while the off-diagonal elements are the inelastic scattering amplitudes. The first Feynman
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diagram in Fig. (2.1) corresponds to the scattering amplitude and the p-wave scattering





iD(ab)(E, 0) , (2.38)
where the superscripts a and b are the row-column indices of the amplitude matrix. The
inverse dimer propagator is given by Eq. (2.26)
D−1 = D−10 − Σ , (2.39)
with the free inverse dimer propagator in p-wave as
[D0(E, 0)]−1 =
∆11 + Eh11 ∆12 + Eh12
∆12 + Eh12 ∆22 + Eh22
 , (2.40)
and the self-energy as
−Σ(E, 0) = −6π
µ3













In the p-wave self energy diagram in Fig. 2.1 the loop integral is different than the s-wave
and this has λ3 dependence and we absorb λ3 in the coupling ∆ and the λ in the coupling
h when they correspond to the diagonal elements. Using the condition ∂A
∂λ
= 0 we choose







µ2hij = −µ(rij + 3λδij) . (2.44)
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Combining the free dimer propagator and the self energy term we get the λ independent
inverse propagator
[D(E, 0)]−1 = 1
µ2













where aij are the p-wave scattering volumes and rij are effective momenta.
In our capture calculations the final bound states are p-wave bound states. Therefore the
wave function renormalization constant in p-wave is sufficient to describe the final bound
state. Using LSZ reduction formula we can get the wave function renormalization constant








r11 + 3γ r12











If we set r12 = 0, then the coupled channel wave function renormalization constant reduces
to the single channel result in Eq. (2.22).
2.3 Single channel scattering in s-waves and p-waves with Coulomb interaction
In this case we consider the Coulomb interaction and as a result, photons enter the
interaction. To include the photon in the interaction Lagrangian we replace the deriva-
tive by a gauge derivative through minimal substitution. The scattering amplitude without
Coulomb interaction is given by Eq. (2.2). If we consider the Coulomb interaction then the
phase shift is the total phase shift δl + σl, where σl is the Coulomb phase shift and δl is the
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Coulomb subtracted phase shift in lth partial wave. σl = argΓ(l + 1 + iηp) and the sum-
merfeld parameter ηp = αeZcZnµ/p, where αe = e2/(4π) ≈ 1/137 is the electromagnetic
fine structure constant. The amplitude A = AC + ASC where AC is the purely Coulomb
contribution and ASC is the Coulomb subtracted contribution. The Coulomb subtracted




(2l + 1)A(l)SC(E; p)Pl(p̂′ · p̂) , (2.47)
where p and p′ are the incoming and outgoing c.m. momenta. The Coulomb subtracted





p cot δl − ip
. (2.48)





















|Γ(l + 1 + iηp)|2
|Γ(1 + iηp)|2
H(ηp) ,





2le−πηp/2|Γ(l + 1 + iηp)|
Γ(2l + 2)
,
ηp = kC/p , (2.49)
with ψ(x) the digamma function. The dots above represent terms with higher powers in p2
and the inverse Bohr radius kC = αeZcZnµ.
For s-wave, substituting l = 0 in Eq. (2.49) we get
[C0(ηp)]











4 + · · · − 2kCH(ηp) . (2.50)
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The Feynman diagrams correspond to scattering with Coulomb interaction are shown in
the Fig. 2.2 [21]. Double and single lines represent the core and the nucleon propaga-
tor similar to the without Coulomb case. In Fig. 2.2, the first diagram correspond to the
scattering amplitude and in the bottom set of diagrams, the first diagram is the full dimer
propagator, the second is the free dimer propagator, the last is the self energy bubble and
the dots represent the higher order diagrams. The shaded box is multiple photon exchanges






The free dimer propagator and the self energy is given by
D0(p) =
i










where J0(ξ) is the loop integral. The full dimer propagator is the sum of D0, Σ, and higher
order terms which sums to a geometric series and we get
D(p) =
i












J0(ξ) + ..... ,
=
i









2/(2µ). The inverse dimer propagator [D(ζ)(p0, 0)]−1 is given by
1
D(ζ)(p0, 0)
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Figure 2.2
Elastic scattering in s-wave and p-waves with Coulomb interaction. The scattering ampli-
tude is T (ζ)SC(E; p
′, p) and the rest of the notations are the same as Fig. 2.1
At very low momenta p, we can expand the EFT expression in a Taylor series and
match to the ERE expansion for s-waves, Eq. (2.50), and we get
[C0(ηp)]



































































h(ζ) = −µr(ζ)0 . (2.59)
The first diagram in Fig. 2.2 gives the p-wave scattering amplitude
A(1)SCp̂ · p̂′ = −i
2π
µ3




, 0)p̂ · p̂′ , (2.60)
where
e−πηp [Γ(2 + iηp)]
2 = e−πηp+2iσ1 |Γ(2 + iηp)|2 = 9[C1(ηp)]2e2iσ1 . (2.61)
By substituting e−πηp [Γ(2 + iηp)]2 = 9[C1(ηp)]2e2iσ1 in Eq. (2.60) we get







, 0)p̂ · p̂′ . (2.62)





p3 cot δ1 − ip3
. (2.63)
From Eq. (2.60) and Eq. (2.62) we get the relation
9[C1(ηp)]







Similar to s-wave, by summing up the set of the diagrams in the bottom of Fig. 2.2 we get

















(p2 + k2c )H(ηp)−
µkc
3π
































Here, the renormalization scale λ comes from the dimensional regularization. At very



















− 2kC(p2 + k2C)H(ηp) . (2.67)















1 − 2kCα . (2.69)













































2.4 Coupled channel scattering in s-waves and p-waves with Coulomb interaction
2.4.1 Coupled channel scattering in s-waves.
In the coupled channel case, the interaction Lagrangian is given by Eq. (2.23). Initially
we started with a strong interaction Lagrangian without the Coulomb force. In the coupled
channel scattering, the excited core enters as an additional degree of freedom. The scatter-
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ing amplitude, dimer propagator, and the self energy are 2×2 matrices. The first Feynman








where a and b are the row and column indices of amplitude matrix. We have the relation
for the inverse dimer propagator from Eq. (2.26)
D−1 = D−10 − Σ . (2.73)














−p2 − i0+) 0
0 J0(
√
−p2 + γ2∆ − i0+)
 . (2.75)
In the self energy matrix the second diagonal element corresponds to the self energy bubble
in Fig. 2.2, with excited core as the double line and the nucleon as the single line. E should
be replaced with E − E? and −p2 with −p2 + γ∆2. From the condition ∂A∂λ = 0 the RG
conditions are




























































−p2 + γ2∆ − i0+)
 ,
(2.78)
























































Similar to no-Coulomb case if we set 1/a12 = 0 then A11 reduces to the single channel
contribution.




























γ3∆(1 + 2a22H(−ikCγ∆ ))2




















































2.4.2 Coupled channel scattering in p-waves.
In this case, the excited core enters as an additional degree of freedom. The scattering
amplitude, dimer propagator, and the self energy are 2× 2 matrices because we consider a
mixing between two channels. Here we consider the mixing between two p-wave channels
channel 1 without excited core and channel 2 with the excited core. We derive the general
expressions here and in the later chapters we get the specific expression for each reaction by
using the corresponding projectors in each channel. The first Feynman diagram in Fig. 2.2






D(E, 0) . (2.84)
The Lagrangian is given by Eq. (2.23) and we use the minimal substitution because the
photon enters the interaction. We have the relation for the inverse dimer propagator from
Eq. (2.26)
D−1 = D−10 − Σ . (2.85)
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The inverse free dimer propagator D−10 is given by Eq. (2.40)
[D0(E, 0)]−1 =
Π(11) + Et(11) Π(12) + Et(12)
Π(12) + Et(12) Π(22) + Et(22)
 , (2.86)
and the self energy Σ is given by




−p2 − i0+) 0
0 J1(
√








































Similar to s-wave coupled scattering in the self energy matrix the second diagonal element
corresponds to the self energy bubble in Fig. 2.2 with excited core as the double line and
the nucleon as the single line. In the first diagonal element, E should be replaced with
E − E? and −p2 with −p2 + γ∆2 to get the second diagonal element. From the condition
∂A
∂λ
= 0 the RG conditions are chosen as





D − 4 − 9γ + 8
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µt(22) = −3λ− r22 −
4kC
D − 4 +

























































































Combining the free dimer propagator with the self energy and using these RG conditions
we get
9[C1(ηp)]






p2 (a212r11 − 2a22a12r12 + a222r22)
2a212











2 − 2kC(k2C + p2)H(ηp) . (2.90)











































































γ2 + γ∆2. Z−1 depends on the three effective momenta r11, r12 and r22.
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In Chapter 3, we use the expressions derived in Sections 2.1 and 2.2 for 7Li(n, γ)8Li




NEUTRON CAPTURE ON 7LI
Among the astrophysical processes 7Be(p, γ)8B reaction is one of the key processes
relevant to the solar neutrino production through the β decay of 8B [32]. The low en-
ergy experimental measurements of this reaction has large uncertainties mainly due to the
strong Coulomb repulsion between the proton and 7Be nucleus. On the other hand the
7Li(n, γ)8Li reaction, which is the iso-spin mirror of 7Be(p, γ)8B, has precise measure-
ments at much lower energies due to the absence of the Coulomb force. 7Li and 7Be has
the same spin structure and there is no Coulomb force in the n-7Li system hence the com-
plexity of the cross section calculations for the 7Li(n, γ)8Li system is much less compared
to the 7Be(p, γ)8B system. Therefore the 7Li(n, γ)8Li system can be used as a guide to
calculate the cross section of 7Be(p, γ)8B reaction by extrapolating the available data down
to solar energies at ECM ∼ 20 keV. In addition to that 7Li(n, γ)8Li reaction initiates the
heavy elements production in the inhomogeneous BBN and its rate is very important to
determine the heavy element abundances [33, 34]. Several experimental measurements for
7Li(n, γ)8Li reaction have been done in Refs. [35, 1, 36, 37]. The capture cross section
for this reaction was calculated using the halo EFT approach in Refs. [13, 14, 15]. In
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Ref. [14], only the leading order E1 transition is included in the calculations. In Ref. [13]
the magnetic dipole (M1) contribution is also considered.
The neutron halo 8Li nucleus consists of a neutron weakly bound to the tight 7Li core.
The low momentum scale Q for this system is set by the binding momenta of the ground
and first excited of 8Li and the high momentum scale Λ is set by the break up energy
of the 7Li core and the pion mass. In this chapter we formulate two halo EFTs for the
7Li(n, γ)8Li reaction. In one halo EFT, 7Li? (excited 7Li core) is not included as an
explicit degrees of freedom and in the other it is included.
In the original paper, Ref. [14], by Rupak and Higa the leading order (LO) cross sec-
tion for 7Li(n, γ)8Li reaction is calculated, which is a combination of captures from initial
s-wave states with spins S = 1 and S = 2 to final p-wave bound states. In the spectro-
scopic notation 2S+1LJ , the initial s-wave states are 5S2 and 3S1 and final p-wave bound
states are 3P2 and 5P2 for the 2+ ground state and 3P1 and 5P1 states for the 1+ excited
state. The contributions from initial s-wave states to final p-wave states proceed through
E1 transitions due to the electromagnetic selection rules. Further, they have estimated that
the contribution from initial spin S = 1 to 2+ ground state is around 20%. In the initial
spin S = 1 channel, not only the ground state of the 7Li core but also the first excited state
of 7Li core (7Li?) enters the interaction. Reference [14] argues that the contribution from
excited 7Li? core has a small effect to the total E1 capture cross section. Recent work in
Ref. [15] by Zhang, Nollett, and Phillips also calculated E1 transition for 7Li(n, γ)8Li re-
action considering the excited core 7Li? and they criticize about the choices: considering
the excited 7Li? core as a small effect in the calculation and making the couplings in the
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different final state spin channel equal that made in Ref. [14], by Rupak and Higa. How-
ever, the coupled channel calculations in Ref. [15] have been done incorrectly. That was
the motivation for this work. We recalculate the capture cross section with the 7Li? as an
explicit degree of freedom and also using the correct coupled channel scattering.
The chapter is organized as follows. In Section 3.1 we describe the interaction without
explicit 7Li? degree of freedom using the corresponding Lagrangian and derive the cross
section expressions. Similar to Section 3.1, in Section 3.2 we describe the interaction with
explicit 7Li? degree of freedom and derive the corresponding cross section expressions.
We present the results and analysis for both the cases in Section 3.4. In the last section we
include a brief discussion.
3.1 Halo EFT without explicit 7Li? degrees of freedom
In this halo EFT approach the low-energy degrees of freedom are the ground state of





+ respectively. The bound states of 8Li have spin-parity assignments
2+ for the ground state and 1+ for the first excited state. The 2+ ground state of 8Li is a
combination of 3P2 and 5P2 states and the 1+ excited state is a combination of 3P1 and 5P1
states. The binding momenta for 8Li ground and first excited states are γ0 = 57.8 MeV
and γ1 = 41.6 MeV [38] respectively. We consider only s and p-waves in our low energy
theory. The initial s-wave states are 3S1, 5S2 and final p-wave channels are 3P2 and 5P2
for the ground state and 3P1 and 5P1 for the first excited state in the spectroscopic notation
2S+1LJ . The E1 transition from initial spin S = 2 channel to final 2+ ground state is the
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LO contribution to the total E1 capture. Moreover, E1 capture from initial spin S = 1, 2
channels to 1+ excited state gives a small contribution with a branching ratio 0.106 [1]
to the total E1 capture. The Interaction Lagrangian without excited 7Li? core is given by
Eq. (2.4).




i = Fj ,
P
(5S2)


































































where, Mn = 939.6 MeV and Mc = 6535.4 MeV are the neutron and 7Li masses respec-




and the spin 3
2
7Li into spin S = 1. Since it is a p-wave channel it needs a momentum
index and should be Galilean invariant. Similarly in the projector P (
3P2)
ij , the purpose of
the matrix Fx is projecting the spin 12 neutron and spin
3
2
7Li into spin S = 1 and it requires
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that the two indices has to be symmetric and traceless and Rxyij assures that. The tensors














(εxziδyj + εxzjδyi + εyziδxj + εyzjδxi) ,
Rijxy = Rjixy = Rijyx = Rijxy ,
Tijklm = Tjiklm = Tijkml = −Tlmkij ,
RijklRklab = Rijab ,
RijabTabklm = Tijklm ,
εiabεixy = δaxδby − δxbδya ,
Rijabεxasεysb = Rijxy = Rxyij ,
Txabijεyab = 3Rxyij . (3.2)
3.1.1 Capture calculation without 7Li?
EFT without excited 7Li is done in Refs. [13, 14]. Here, we present a more com-
plete power counting to compare and contrast with the EFT with excited 7Li? core which is
called EFT?. The Feynman diagrams corresponding to the capture reaction 7Li(n, γ)8Li are
shown in Fig. 3.1. Diagrams a and c represent the capture without initial state interaction
and diagrams b and d represent the capture with the initial state interaction. In the Fig. 3.1,
the double line and the single line represent the 7Li core and the neutron propagator re-
spectively. The capture cross section gets the dominant contribution from the initial spin
S = 2 channel to final 2+ ground state and which is 4 times than the capture from initial
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spin S = 1 channel to final 2+ ground state [14]. We use the index ζ = 2 for the 5P2 state




Capture through E1 transition 7Li(n, γ)8Li. Wavy lines represent photons and the dashed
lines represent the initial state s-wave interaction.
The capture from initial 5S2 state to final 2+ ground state is given by the squared am-
plitude |M (5P2)E1 |2 [39, 13]














−A0(a(2)0 , p)[B0(p, γ0) + J0(−ip)]
∣∣∣2 , (3.3)
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where j = 2 and a(2)0 is the s-wave scattering length in the
5S2 channel. The amplitude
A0(a(2)0 , p) is given by Eq. ( 2.12) and B0(p, γ) is given by



















where the ground state binding momentum γ0 = γ(
5P2) ≈ 57.8 MeV.
We use asymptotic normalization constant (ANC) to fit the effective momenta. The ANC
is the overall normalization constant of the bound state wave functions and ANC for 5P2
















Once we have ANCs from experimental measurements or other theoretical calculations [40,
41, 42] we can use them to fit wave function renormalization constant Z(ζ). From Z(ζ) we
can calculate the effective momentum r(ζ) in the corresponding spin channel. We use the
experimental ANCs from Ref. [41] to determine the effective momenta r(3P2)1 and r
(5P2)
1
and calculated ANCs from Ref. [40] to fix the wave function renormalization constant in
3P ?2 channel.
Similarly, capture from initial 3S1 state to final 2+ ground state can be written by replac-
ing a(2)0 and r
(2)
1 with the corresponding scattering length a
(1)
0 in




We get [39, 13]














−A0(a(1)0 , p)[B0(p, γ0) + J0(−ip)]
∣∣∣2 . (3.8)
Both 3P2 and 5P2 channels share the same binding momentum γ(3P2) = γ(5P2) = γ0 ≈
57.8 MeV.
The capture contribution from initial 5S2 to final 1+ excited state can be obtained from
Eq. (3.3) by replacing γ0 with first excited state binding momentum γ1 and r
(2)
1 with ef-
fective momentum in 5P1 channel. Similarly, the contribution from 3S1 to 1+ excited state
can be obtained from Eq. (3.8) by replacing γ0 with γ1 and r
(1)
1 with effective momentum
in 3P1 channel.











|a|2|M(5P2)|2 + (1− |a|2)|M(3P2)|2
]
, (3.9)
where the photon momentum k0 =
p2+γ20
2µ
. Similarly, the total capture cross section to the
1+ excited state can be obtained by making the appropriate changes. We use the normalized
2+ ground state as
|2+,m〉 = a|S = 2, L = 1, J = 2,m〉+
√
1− |a|2eiδ2 |S = 1, L = 1, J = 2,m〉 .
(3.10)
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In both EFTs, we use a = 1/
√
2 and δ2 = 0 considering the ground state is the symmetric
combination of the two channels 5P2 and 3P2 [43, 37].
Similarly, the normalized 1+ excited state is given by
|1+,m〉 = c|S = 2, L = 1, J = 1,m〉 −
√
1− |c|2eiδ1 |S = 1, L = 1, J = 1,m〉 . (3.11)
In both EFTs, we use c =
√
5/6 and δ1 = π [43, 37].
3.2 Halo EFT with explicit 7Li? degree of freedom
In this halo EFT, 7Li? is also considered a low energy degree of freedom in addition
to the ground state of 7Li, neutron, and photon. The excited 7Li? has the spin parity as-
signments 1
2
−. In this theory we have additional scattering channels 3S?1 ,
3P ?1 , and
3P ?2 .
The interaction Lagrangian with excited 7Li? core can be written as Eq. (2.23) where the
C? field is the excited 7Li? core with exciting energy E? = 0.47761 MeV. This halo EFT
calculation has some differences than the previous one. Here we consider the possibility
of mixing between some channels which correspond to the off diagonal terms in the dimer
field χ(ζ)[j] propagators. We include mixing channels
3S1-3S?1 ,
3P1-3P ?1 , and
3P2-3P ?2 in our
calculations. The capture in the spin S = 2 channel is 4 times that in the spin S = 1 chan-
nel. Therefore we assume that the mixing between two spin channels S = 2 and S = 1 is
higher order in our theory with 7Li? by construction.











































3.2.1 Capture calculation with 7Li?
In this case the capture from initial spin S = 2 to the 2+ ground state is same as the
previous case because we assume no mixing between spin S = 2 and S = 1 channels, but
the capture from initial spin S = 1 channel to the 2+ ground state is different because we
include the mixing between 3S1-3S?1 ,
3P1-3P ?1 , and
3P2-3P ?2 channels. The capture from
initial spin S = 1 channel to 2+ ground state is given by














−A(11)(p)[B0(p, γ) + J0(−ip)]
−A(12)(p)[B0(i
√












A(11)(p) is the amplitude of channel 3S1 going to 3S1 and which is given by the Eq. (2.36).
A(12)(p) is the amplitude of channel 3S1 going to 3S?1 and which is given by Eq. (2.37).
The scattering length a(1)0 = (0.87 ± 0.07) fm [44] in 3S1 channel is of natural size 1/Λ.
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We assume that all the scattering lengths aij ∼ 1/Λ are of natural size and then we can







1− ia(1)0 p+ a(0)0 r(1)0 γ2∆ − a(0)0 r(1)0 γ∆
√
























0 γ∆ − a22
)
+ . . .
]
. (3.14)
Since the channel 3S?1 is an excited state, when the channel
3S1 going to 3S?1 we have to
replace E with E − E? and correspondingly −p2 with −p2 + γ∆2 in the B0 and J0 terms.
The capture to 1+ excited state can be obtained from Eq. (3.13) through the replacements
γ0 → γ1, Z(3P2) → Z(3P1) and Z(3P2?) → Z(3P ?1 ) for the 3P1 and 3P ?1 states respectively.
















We can get the total capture cross section to the 1+ excited state by making the appropriate
changes as described earlier. We use a = 1√
2
considering the 2+ ground state as the
symmetric combination of 5P2 and 3P2 states.
3.3 Power counting for EFT and EFT?
The total E1 capture cross section of the 7Li(n, γ)8Li reaction gets the contributions
from initial s-wave states to both the final bound states, the 2+ ground state and the 1+
excited state. The capture to 2+ ground state is the dominant contribution compared to the
capture to 1+ excited state. Here, we describe the power counting for capture to 2+ ground
state and capture to 1+ excited state separately.
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The capture contribution from initial 5S2 (spin S = 2) state is about 4 times the capture
contribution from the initial 3S1 (spin S = 1) state [14]. Therefore we consider the capture
from initial 3S1 state to final 2+ ground state as a NLO contribution (sub-leading effect).
The s-wave scattering length a(2)0 = (−3.63 ± 0.05) fm [45] in the spin S = 2 channel is
large and has the scaling a(2)0 ∼ 1/Q. The term B0 + J0 in Eq. (3.3), which corresponds
to the loop integral, has the scaling B0 + J0 ∼ Q. Therefore the contribution from initial




0 (B0 +J0) is LO and has the same size
O(1) as the contribution from capture without initial state strong interaction (diagrams a
and c in Fig. 3.1). This holds for both the EFTs, EFT without 7Li? and EFT? with 7Li?,
because the coupled channel scattering does not affect the capture cross section in spin
S = 2 channel.
According to Eq. (3.3) the capture cross section from 5S2 state to 2+ ground state is
proportional to the wave function renormalization constant Z(5P2) which is the residue at
the pole in the dimer propagator of 5S2 channel [14]. Also, Z(5P2) is related to the effective
momentum r(2)1 and binding momentum γ0 in
5S2 channel by Eq. (3.5). r
(2)
1 and γ0 scale
as r(2)1 ∼ Λ and γ0 ∼ Q. At very low energy, we can expand Z(
5P2) in powers of Q/Λ.
We can calculate r(2)1 using zed-parameterization [13, 46] and this parameterization makes
Z(5P2) precise at NLO without any higher order correction. However there is a significant
difference between the LO and NLO r(2)1 values and we can see that from the LO and NLO
r
(2)
1 values in the Table 3.1. The s-wave effective range r
(2)
0 also contributes to the capture
cross section at NLO and has the scaling r(2)0 ∼ 1/Λ. However we find the effect of r(2)0 to
the capture cross section is unnoticeable at low energy.
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In spin S = 1 channel, the capture cross section corresponds to diagrams (a) and (c) in
Fig. 3.1 is at NLO. Up to NLO the power counting is same for both the theories EFT and
EFT?. The difference comes with adding the contributions from the diagrams (b) and (d)
in Fig. 3.1. Thus we describe the two power countings in spin S = 1 channel separately.
In the halo EFT without 7Li? the scattering length a(1)0 = (0.87 ± 0.07) fm [44] in 3S1
channel is small and scales as a(1)0 ∼ 1/Λ. The initial state interaction contribution scales
as a(1)0 (B0 + J0) ∼ Q/Λ and is sub-leading compared to the contribution from diagrams
(a) and (c). Therefore, we consider that a(1)0 (B0 + J0) contributes at NNLO.
The two body currents contribution from 5S2 channel to the 2+ ground state scales
as ∼ a(2)0 k0L(2)E1 [21]. a
(2)






since we consider p/µ ∼ γ/µ ∼ Q/µ ∼ Q2/Λ2 [39]. For natural size








is a NNLO correction. Similarly, the NNLO contribution to the 1+ state can be obtained
by replacing γ0 with γ1.
In the halo EFT with 7Li? we consider the mixing between initial 3S1-3S?1 scattering
states and final 3P2-3P ?2 bound states. In spin S = 1 channel a
(1)
0 scales as a
(1)
0 ∼ 1/Λ.
We assume that a11, a12, and a22 also has the scaling 1/Λ to be natural. The initial state
interaction contributionsA(11)(B0 + J0) andA(12)(B0 + J0) scale as Q/Λ which are again
at NNLO compared to the contributions from Fig. 3.1 (a) and (c).
We can summarize the power countings of the two theories as follows. In both the
theories, EFT and EFT?, the capture from initial spin S = 2 channel to final 2+ ground state
gives the LO contribution to the capture cross section. Thus the corresponding LO cross
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1 . In both the theories, the
5S2 effective range r
(2)
0 contributes to the capture cross section
at NLO. In spin S = 1 channel, the capture without initial state interaction (Fig. 3.1 (a) and
(c)) contributes to the total capture at NLO in both the theories EFT and EFT?. Therefore,
up to NLO the momentum dependence in the two halo EFTs is very similar. The difference
comes from the construction of the wave function renormalization constant Z(3P2) in each
theory. In the EFT without 7Li?, Z(3P2) (Eq. (2.22)) depends only on the p-wave effective
momentum r(1)1 . However in the theory with
7Li?, Z(3P2) depends on the three effective
momenta r11, r12, and r22 (Eq. (2.46)).
The power counting for 1+ excited state is very similar to 2+ ground state. The capture
from initial spin S = 2 channel to final 1+ excited state gives the LO contribution to the
total capture to 1+ state in both the theories, EFT and EFT?. Therefore, the LO cross






1 . In both the theories, the
5S2 effective range r
(2)
0 contributes to the capture cross section
at NLO. In spin S = 1 channel, the capture without initial state interaction (Fig. 3.1 (a)
and (c)) contributes to the total capture to 1+ state at NLO in both the theories EFT and
EFT?. Therefore, up to NLO the momentum dependence in the two halo EFTs is very
similar. The difference comes from the functional dependence of the parameters on the
wave function renormalization constant Z(3P1) in each theory. In the EFT without 7Li?,
Z(3P1) depends only on the p-wave effective momentum r(1)1 in 3P1 channel. But in the




7Li(n, γ)8Li capture to the 2+ state. We estimate the parameters as described in the text.
Thermal ratio is the EFT cross section normalized to Lynn data [1]. Branching ratio is








−1) Thermal ratio Branching ratio
EFT ANC -1.37 ± 0.04 -3.02 ± 0.36 1.03 ± 0.08 0.949 ± 0.01
EFT? ANC -1.37 ± 0.04 - 1.02 ± 0.08 0.96 ± 0.01
EFT /EFT? Lynn LO -0.476 ± 0.01 - 1 1
EFT /EFT? Lynn-ANC NLO∗ -1.39 ± 0.01 - 1 0.788 ± 0.06
EFT /EFT? ANC LO -0.488 ± 0.04 - 0.975 ± 0.08 1
EFT /EFT? ANC NLO∗ -1.37 ± 0.04 - 1.05 ± 0.08 0.781 ± 0.06
3.4 Results and analysis
The capture cross section corresponding to the halo EFT without 7Li? Eq. (3.9) de-






1 , and r
(3P2)
1 . We use the known values a
(5S2)
0 =
(−3.63 ± 0.05) fm and a(3S1)0 = (0.87 ± 0.07) fm [45, 44]. The wave function renormal-
ization constant is related to the effective momentum by Eq. (3.5) and the ANC for 5P2
channel is related to the wave function renormalization constant by Eq. (3.6). We can










We use the experimental ANCs C21,5P2 = (0.352 ± 0.028) fm−1, C21,3P2 = (0.080 ±




1 . The results are shown in Table 3.1 as
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EFT ANC. In the theory with 7Li?, the capture from spin S = 2 channel depends on r(
5P2)
1
and capture from spin S = 1 channel depends on a11, a12, a22, Z(3P2), and Z(3P ?2 ). In the
spin S = 1 channel, a(1)0 scales as a
(1)
0 ∼ 1Λ . We set the all couplings in amplitudes by scale
Λ and that make r(1)0 large and negative. And also that assumption makes a22 ∼ Λ. So
we choose r(1)0 = −6(1 ± 0.4) fm and a22 = −1/200(1 ± 0.4) MeV−1 with 40% percent
error. Again we fix the unknown parameters r(
5P2)
1 , Z(
3P2), and Z(3P ?2 ) from the calculated
ANCs in Ref. [40] and the fitted values are shown in Table 3.1 as EFT? ANC. According
to Eq. (2.46), Z(3P ?2 ) in spin S = 1 channel is a function of effective momenta r11, r12,
and r22. However, we cannot fix these three parameters because we have only two known
ANCs for 3P2 and 3P ?2 states. But we are still able to calculate the corresponding capture
cross section in spin S = 1 channel because we can directly use Z(3P2) and Z(3P ?2 ) that
are constrained from ANCs for 3P2 and 3P ?2 in Eq. (3.13). In Table 3.1 we also include
the thermal ratio which is the EFT cross section normalized to Lynn data and also the
branching ratio which is the ratio of the capture cross section in the spin S = 2 channel to
the total cross section at thermal momentum.
We use the zed-parameterization and fitZ(5P2) using thermal capture data from Ref. [1]
then calculate the r(
5P2)
1 from Z(
5P2). The obtained value for r(
5P2)
1 is in Table 3.1 as EFT
/EFT? Lynn LO and the corresponding cross section is in Fig. 3.2. In Table 3.1, the values
EFT /EFT? Lynn-ANC NLO were obtained as follows. First Z(3P2) was fixed using the
ratio of ANCs C21,3P2/C
2
1,5P2
= (0.228 ± 0.042) fm−1 [41], then the thermal capture data
was used to fix r(
5P2)
1 . The corresponding plot is labeled as EFT /EFT? Lynn-ANC NLO
in Fig. 3.2. The last two rows in Table 3.1 were obtained parallel to previous two rows
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Figure 3.2
Capture cross section to the 2+ state. The capture cross section is scaled by the neutron
velocity vn. The LO and NLO curves and error bands overlap. The shaded band
between the dashed curves indicate the error due to the input parameters. The
grid lines are at the 3+ resonance momentum pR = 19.1 MeV and the 7Li?
inelasticity γ∆ = 28.0 MeV. Both of these were constrained by thermal
capture data [1].
and only used calculated ANCs to fix parameters. In EFT without 7Li?, the wave function
renormalization constantZ(3P2) depends only on one effective momentum and can be fixed
using ANC value for 3P2. In the theory with 7Li?, Z(3P ?2 ) is a function of three effective
momenta and we do not separate them out. The two plots and error bars correspond to LO




Total capture cross section to the 2+ and 1+ state at NLO. Both of these were constrained
by thermal capture data [1]. The capture cross section is scaled by the neutron ve-
locity vn. The lighter shaded band between the short-dashed curves indicate the
10% NNLO EFT errors and the darker shaded band between the long-dashed
curves indicate the error due to the input parameters. The grid lines are
at the 3+ resonance momentum pR = 19.1 MeV and the 7Li? inelas-
ticity γ∆ = 28.0 MeV. The error bands in the capture to the 1+
states are not shown but included in the total capture cross
section.
The parameters corresponding to 1+ excited state were calculated similar to 2+ ground
state. The ANCs ratio C21,3P1/C
2
1,5P1
= (0.73 ± 0.12) fm−1 [41] was used to fix Z(3P1)
and then Z(5P1) was constrained from thermal capture data. The related parameter values,
thermal ratio and branching ratio, are included in Table 3.2. In Fig. 3.3, the plots for the
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total capture cross section and the capture to the 1+ state are included. The expected EFT
theory error from NNLO correction is 10% and we include it in the Fig. 3.3.
Table 3.2
7Li(n, γ)8Li capture to the 1+ state. We estimate the parameters as described in the text.
Thermal ratio is the EFT cross section normalized to Lynn data [1]. Branching ratio is








−1) Thermal ratio Branching ratio
EFT /EFT? Lynn LO -0.97 ± 0.15 - 1 1
EFT /EFT? Lynn-ANC NLO∗ -1.92 ± 0.17 - 1 0.968 ± 0.008
EFT /EFT? ANC LO -1.89 ± 0.16 - 0.865 ± 0.074 1
EFT /EFT? ANC NLO∗ -2.52 ± 0.16 - 0.921 ± 0.075 0.914 ± 0.017
3.5 Conclusions and Summary
At low energy, the capture cross section of 7Li(n, γ)8Li reaction is dominated by the
E1 transition from initial s-wave sates 5S2 and 3S1 to final 2+ ground state. The capture
cross section gets a small contribution from initial s-wave states to final 1+ excited states
with a branching ratio 0.106 [1]. M1 transition from initial 5P3 state to final 2+ state is also
noticeable at energy around 200 keV. In this work we calculate the total E1 capture cross
section for energies below the resonance energy using the two halo EFTs one without ex-
cited 7Li? core (EFT) and one with excited 7Li? core (EFT?) in coupled channel treatment.
In both the theories, the capture from initial spin S = 2 channel to final 2+ ground state is
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the LO contribution and in spin S = 1 channel, the capture without initial state interaction
is a NLO contribution to the total capture. In spin S = 1 channel, the capture with initial
state interaction is a NNLO contribution to the total capture. In this work, we calculate
the total E1 capture cross section up to NLO. Up to NLO the momentum dependence in
each theory is equivalent and give similar results. The difference is included in the wave
function renormalization constant Z(ζ). In EFT, Z(3P2) is just a function of r(3P2)1 and in
EFT?, Z(3P ?2 ) is a function of three effective momenta. At NNLO, the total capture to the
2+ ground state gets a contribution from initial state strong interaction in spin S= 1 channel
and this contribution depends on whether the excited 7Li? core is included or not included
in the calculations. The EFT theory error comes from the NNLO corrections (Q2/Λ2) and
which is about 10%. We cannot see the effect of excited 7Li? core using the available data
because the curves and the error bars in the Figs. 3.2 and 3.3 overlap. The power counting
of 1+ state is similar to 2+ state. But each term in 1+ state is one order higher compared
to 2+ state. Adding M1 contribution is the next step in our work related to the low energy
capture cross section of 7Li(n, γ)8Li reaction.
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CHAPTER 4
PROTON CAPTURE ON 7BE
The 7Be(p, γ)8B reaction take places inside the sun at solar energies around 20 keV
and this is the main source for the production of high energetic solar neutrinos via the
decay 8B→ 7Be + e+ + νe. The capture cross section of 7Be(p, γ)8B reaction is directly
proportional to the solar neutrino flux. There is a discrepancy between the measured and
model predicted neutrino fluxes [47, 48] and precise explanation for this has became a
prime importance. The experimental measurements for the capture cross section of the
7Be(p, γ)8B reaction have been done in Refs. [49, 50, 51, 52]. Recently, the halo EFT
approach was used to explore the correlation between the charge radius of 8B and the S-
factor for the 7Be(p, γ)8B reaction in Ref.[53] and in Ref. [54] the 7Be(p, γ)8B reaction
is studied at low energy up to NLO using halo EFT in terms of velocity scaling.
7Be(p, γ)8B is the iso-spin mirror of 7Li(n, γ)8Li. In the 7Li(n, γ)8Li case there is no
Coulomb force between 7Li and the neutron. However in the 7Be(p, γ)8B case we need to
include the Coulomb force in the interaction and that makes the cross section calculation
much harder. In this work we extend our 7Li(n, γ)8Li calculation to 7Be(p, γ)8B system
by adding the Coulomb force in the interaction. 8B is a proton halo nucleus with a weakly
bound proton to the tightly bound 7Be core and this shows a clear separation in momentum
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scales Q and Λ. For this system Q is set by the separation energy of the valence proton and
Λ is set by the 3He-α threshold. We consider the two halo EFTs one without excited 7Be?
core degree of freedom and one with excited 7Be? core degree of freedom to calculate the
S-factor.
The organization of the chapter as follows. The halo EFT formalism with and without
7Be? is developed in section 4.1. In this section, we describe the interaction with and with-
out 7Be? using the corresponding Lagrangian. In subsection 4.1.1 we derive the capture
cross section from initial s and d-wave states to final 2+ ground state. The proposed power
countings for two halo EFTs are included in 4.1.2. The results and analysis is presented
in 4.2. In the last section we include the conclusions and the summary.
4.1 Halo EFT formalism
In the theory without excited 7Be? core, the low energy degrees of freedom are the





+ respectively. The final bound state is the ground state of
8B with spin-parity assignment 2+. The ground state of 8B has the binding momentum
γ0 ≈ 14.96 MeV and it is a combination both final p-wave states 3P2 and 5P2. We use the
spectroscopic notation 2S+1LJ to denote the initial s and d-wave states 3S1, 5S2, 3D1, 5D2
and final p-wave states 3P2, 5P2. The momentum corresponds to excitation energy of 7Be?
is γ∆ ≈ 26.54 MeV. The binding momentum γ0 is much smaller than γ∆. If we consider
the energies below γ∆ we can do the calculations without including the 7Be? as an explicit
degree of freedom. The 1+ M1 resonance occurs at momenta around pR ≈ 32.15 MeV.
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The 7Be? degree of freedom should be considered in order to include the M1 contribution
in the calculations. Therefore we consider two halo EFTs one without 7Be? (EFT) and one
with 7Be? (EFT?). In EFT? the excited 7Be? core enters as an explicit degree of freedom.
The interaction Lagrangian without excited 7Li? core is given by Eq. (2.4) and N and
C fields represent the proton and the ground state of 7Be with masses mn = 938.27 MeV
and mc = 6536.2 MeV respectively. M = mn +mc is the total mass. We use the same set
of projectors P (ζ)[j] that we use in chapter 3 (Eqs.3.1). In this case, the relevant spin-angular
momentum channels are ζ = 3S1, 5S2, 3P2, 5P2, 3D1, 5D2.
The interaction Lagrangian with excited 7Li? core is given by Eq. (2.23) with C? field
as the excited 7Be? core. This halo EFT calculation has some differences than the previous
one. Similar to the 7Li(n, γ)8Li case, here we consider a possibility of mixing between
some s and p-wave channels which correspond to the off diagonal terms in the dimer field
χ
(ζ)
[j] propagators. We include the mixing channels
3S1-3S?1 and
3P2-3P ?2 in our calculations.
We assume that the possibility of mixing between spin S = 2 and S = 1 channel is
negligible and we exclude the mixing between different spin channels in our calculations.
4.1.1 Radiative capture
At the energies below the resonance energy, the capture reaction is dominated by the E1
transition from initial s-wave states to final p-wave states. We add the capture contribution
from initial d-wave to final 2+ ground state because the effect of that is also considerable
with the increasing energy. The diagrams in Figs. 4.1 and 4.2 represent the E1 capture and
the diagrams in Fig. 4.1 correspond to the capture without initial state interaction and the
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Fig. 4.2 corresponds to the capture with initial state interaction. In the figures, the single
line, wavy line and the dash line represent the proton, photon and the dimer propagator
respectively. The double line represent the ground state 7Be in EFT and excited 7Be? core
in EFT?. The shaded box represent the Coulomb interaction.




E1 capture without initial state strong interaction.






























where the regular Coulomb wave functions are [21]
Fl(ηp, ρ) = Cl(ηp)2
−l−1(−i)l+1Miηp,l+1/2(2iρ) . (4.3)
The capture with initial state interaction (Fig.4.2) is given by




















where A0(a(2)0 , p) is given by Eq. (2.51), J0(p) is given by Eq. (2.56), and B(p, γ) is given
by [21]












































The squared amplitude for the capture from the initial 5S2 to final 5P2 state is given by












|A(5P2)(p)|2 + 2|Y (p)|2
]
. (4.8)
where j = 2 and the wave function renormalization constant Z(5P2) is given by Eq. (2.71).




scattering length a(1)0 and r
(2)
1 with
3P2 effective momentum r
(1)





E1 capture with initial state strong interaction.











|a|2|M(5P2)|2 + (1− |a|2)|M(3P2)|2
]
. (4.9)





In the halo EFT with excited 7Be? core, the E1 capture from initial 5S2 to final 5P2 state is
the same as Eq. (4.8). The capture from initial 3S1 to final 3P2 state has some differences
and which is given by






























−p2 + γ2∆ − i0+, γ?)/µ+ J0(
√



























4.1.2 Power counting for EFT and EFT?
The total capture cross section of the 7Be(p, γ)8B reaction gets the capture contribu-
tions from initial s- and d-wave states to final 2+ ground state. The Fig. 4.1 corresponds
to the s-wave capture without initial state strong interaction and it is given by Eq. (4.1).
The Fig. 4.2 corresponds to the s-wave capture with initial state strong interaction and it is
given by Eq. (4.4). The d-wave contribution without initial state strong interaction is given
by Eq. (4.6).
We use known s-wave scattering lengths a(2)0 = −3.18+0.55−0.50 fm, a(1)0 = 17.34+1.11−1.33 fm
from Ref. [55]. We fit the wave function renormalization constant to the experimental
ANCs from Ref. [41]. Then the two effective momenta r(2)1 and r
(1)
1 are obtained from
fitted wave function renormlization constants and the plots in Fig. 4.3 were obtained using
these r(2)1 and r
(1)
1 values. The parameter values are included in the Table 4.1. Here we
use the EFT expressions in Eq. (4.9) without considering any specific power counting. The
dashed curve is the total contribution from both s and d-waves. The dotted curve represents
the s-wave contributions from Fig. 4.1 and Fig. 4.2. The two curves dashed curve and the
dotted curve show that the d-wave contribution affects the S-factor significantly at higher
energies. The dot-dashed curve is the s-wave contribution from Fig. 4.1. We can see from
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the two curves dot-dashed and dotted that adding the initial state strong interaction has a
small effect on the total capture. We propose the following power counting based on these
considerations.


























S-factor for 7Be(p, γ)8B without excited 7Be? core. Results were fitted to ANCs. The grid
lines are at the 7Be? inelasticity γ∆ = 26.5 MeV and the 1+ resonance momentum
pR = 32.1 MeV.





(B0 + J0) scales Q2/Λ. Therefore the contribution from the initial




0 (B0 + J0) ∼ Q2/Λ2 and this is a NNLO




0 ∼ 1/Q. That makes the 2πµ a
(2)
0 (B0 + J0) ∼ Q/Λ which is a NLO effect. However,
the branching ratio of spin S = 1 channel is around 0.2 and that upgrades the contribution
in spin S = 1 channel by one order. The d-wave capture contribution is at NNLO and
increases with the increasing momenta. Based on these scales we suggest the following
power counting for the EFT without excited 7Be? core.
Table 4.1
7Be(p, γ)8B capture to the 2+ state. We estimate the parameters as described in the text.
S17 was evaluated at Ecm = 50×10−3 keV. Branching ratio is the capture in the S = 2







−1) S17 (eV b) Branching ratio
EFT ANC -40.3 ± 3.4 -176.8 ± 13.8 17.7 ± 0.5 0.828 ± 0.086
EFT? ANC -40.3 ± 3.4 - 17.7 ± 0.5 0.828 ± 0.086
The LO contribution is set by the s-wave contribution without initial state strong inter-
action in the spin S = 2 channel. The d-wave contribution without initial state interaction
in the spin S = 2 channel and the s-wave contribution without initial state strong inter-
action in the spin S = 1 channel constitute the NLO contribution. In both channels, the
s-wave contribution with initial state interaction contribute at NNLO and the d-wave con-
tribution without initial state interaction in spin S = 1 channel is also at NNLO.
We suggest the power counting for the theory with excited 7Be? core EFT? as follows.
The LO contribution is set by the s-wave contribution without initial state strong interac-
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tion in the spin S = 2 channel. The d-wave contribution without initial state interaction in
the spin S = 2 channel and the s-wave contribution without initial state strong interaction
in the spin S = 1 channel constitute the NLO contribution. At NNLO, the s-wave contri-
bution with initial state strong interaction in both the spin channels contribute and at this
order two additional parameters r(1)0 and a22 enter the calculations in the EFT?.
4.2 Results and analysis


























S-factor for 7Be(p, γ)8B without excited 7Be? core. Results were fitted to ANCs. The grid
lines are at the 7Be? inelasticity γ∆ = 26.5 MeV and the 1+ resonance momentum
pR = 32.1 MeV.
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We use fitted wave function renormalization constant values to estimate the S-factor
at threshold energy (S17(0)). Figure. 4.4 is the results obtained using the proposed power
counting for the theory without excited 7Be? core. We use the zed-parameterization from
Refs. [13, 46] to calculate wave function renormalization constant because, the zed- param-
eterization makes the wave function renormalization constant exact at NLO. We use exper-
imentally determined scattering lengths a(1)0 and a
(2)
0 values from Ref. [55]. In Fig. 4.4
dashed, dotted, and dot-dashed curves are the S-factor results up to NNLO, NLO, and LO
respectively. There is a 20% jump from LO curve to NNLO curve due to the involvement
of the contribution from spin S = 1 channel that is absent at LO.
In the theory with excited 7Be? core, the wave function renormalization constant de-
pend on the additional parameters r(1)0 , a22 and the experimental data is not sufficient to fit
these parameters. Therefore we use estimated r(1)0 and a22 values after varying them over a
large range and that had a negligible effect on the overall calculation. Figure 4.5 represent
the results obtained for EFT? without assuming any specific power counting. Similar to
Fig. 4.3, in the Fig. 4.5, dashed curve is the all contributions from s, and d-waves, dotted
curve is the contribution without d-wave contribution, and dot-dashed curve is the s-wave
contribution from Fig. 4.1. We get similar results in both theories EFT and EFT?.
Figure. 4.6 is the results obtained using the proposed power counting for the theory
with excited 7Be? core. In the figure, dashed, dotted, and dot-dashed curves are the S-
factor results up to NNLO, NLO, and LO respectively. The results similar to the theory
without excited 7Be? core and here also has the 20% jump from LO curve to NNLO curve
due to the involvement of the contribution from spin S = 1 channel that is absent at LO.
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S-factor for 7Be(p, γ)8B with excited 7Be? core. Results were fitted to ANCs. The grid
lines are at the 7Be? inelasticity γ∆ = 26.5 MeV and the 1+ resonance momentum
pR = 32.1 MeV.
4.3 Conclusions and Summary
At low energy, the E1 capture cross section of 7Be(p, γ)8B reaction is consisted with
the capture contributions from initial s and d-waves. M1 contribution from 1+ state is
also noticeable at momenta pR around 32.15 MeV. The momentum corresponds to the
excitation energy of excited 7Be? core γ∆ is around 26.5 MeV. The binding momentum
of 8B (γ0) is around 14.96 MeV. γ∆ < pR implies that the excited 7Be? core should be
included explicitly if one wants to include the M1 resonance contribution in the capture
calculation. In this work, we calculate the total E1 capture cross section for energies below
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S-factor for 7Be(p, γ)8B with excited 7Be? core. Results were fitted to ANCs. The grid
lines are at the 7Be? inelasticity γ∆ = 26.5 MeV and the 1+ resonance momentum
pR = 32.1 MeV.
the resonance energy using the two halo EFTs one without excited 7Be? core (EFT) and one
with excited 7Be? core (EFT?). The calculations in the halo EFT with excited 7Be? core
is done in coupled channel treatment. In both the theories, the LO contribution is given
by the s-wave contribution without initial state strong interaction in spin S = 2 channel.
In both the theories, the d-wave contribution without initial state interaction in the spin
S = 2 channel and the s-wave contribution without initial state strong interaction in the
spin S = 1 channel constitute the NLO contribution. At NNLO, the s-wave contribution
with initial state strong interaction in both the spin S = 1, 2 channels contribute. There is
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a 20% jump from LO curve to NNLO curve in both the theories due to the involvement
of the contribution from spin S = 1 channel that is absent at LO. The EFT theory error
is about 3% and that comes from the NNNLO (Q3/Λ3) corrections. The two halo EFTs
give similar results despite the fact that in one halo EFT the excited 7Be? core is included
explicitly.
The estimated values for the S-factor can be compared to the other calculations such
as : S17(0) = (21.3 ± 0.7) keV b from Ref. [16] that was estimated using halo EFT and
estimations based on potential model such as : S17(0) = (20.8±1.9) keV b [56], S17(0) =
24.1 keV b [57], and estimations based on experimental data such as :S17(0) = (17.6±1.7)
keV b [41], S17(0) = [22.1±0.6(expt.)±0.6(theory)] keV b [51], S17(0) = (18.0±1.9)
keV b from Ref. [42], S17(0) = (18.5 ± 2.4) keV b from Ref. [50]. The “recommended”
value from the review in Ref. [58] is: S17(0) = [20.8±0.7(expt.)±1.4(theory)] keV b. Our
ANC evaluations give S17(0) = (17.7 ± 0.5) keV b which is similar to Trache, Tabacaru,
and Zhang etal using ANCs, but the ANCs are not sufficient to estimate parameters a22 and
r
(1)
0 . Therefore, we continue the analysis with a follow up work with a Bayesian analysis
that is prepared for journal publication.
Adding M1 transition using Bayesian analysis is the next step in developing this cal-
culation. We have already derived the necessary expressions for the M1 transition. More




BAYESIAN ANALYSIS OF 3HE(α, γ)7BE REACTION
The capture reaction 3He(α, γ)7Be is the key nuclear reaction for the production of
7Be in stellar nucleosynthesis and the astrophysical S-factor for this reaction is within the
Gamow window EG ∼ 20 keV. The reaction can take place only if the particles have ener-
gies approximately in this narrow energy window. Gamow window is created by the prod-
uct of the opposing effects: the probability of penetrating the Coulomb barrier increases
rapidly with the increasing particle energy and the probability of a particle having such
energy decreases rapidly as described by the Maxwell-Boltzmann distribution. The exper-
imental measurements for 3He(α, γ)7Be reaction at low energy is challenging due to the
Coulomb repulsion between the charge nuclei 3He and α. However, several experimental
measurements have been performed in the past to calculate the S-factor [60, 61, 62, 63, 64]
and these measurements remain above 100 keV. Therefore theoretical models are needed
to extrapolate the high energy data down to the energies pertinent to astrophysical applica-
tions.
The work we present in this chapter was motivated by the Ref. [21] by Higa, Rupak, and
Vaghani. According to their work one can do a fit for the S-factor of 3He(α, γ)7Be reaction
with either a small scattering length or large scattering length. In the first case the two body
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current contribute at higher order and in the other case the two body current contributes at
LO. Both the cases produced reasonable answers for the S-factor. They had two possible
power countings but the data was not good enough to choose the best. That is the reason
to revisit their calculation and do a Bayesian analysis because the posterior odds can tell
which power counting is the best.
In this work we readdress the calculations of 3He(α, γ)7Be [21] using Bayesian analy-
sis. We use the cross section and phase-shifts expressions from Ref. [21] that were derived
using Halo EFT approach. Halo EFT is very suitable for this reaction because the 3He
nucleus is loosely bound to the tight 4He core with a clear separation in momentum scales.
In EFT calculations it is required to include the two-body currents by the QCD low energy
symmetries, but it is crucial to find out to which order of the perturbation expansion the
two-body currents contribute. For our analysis we use two different power countings that
depend on the size of the scattering length a0 in the incoming s-wave channel. The two
body currents contribute at LO in the power counting with the larger scattering length while
in the other power counting the contribution is at NLO. Even though the EFT calculations
are model independent we consider the two power countings as two different models fol-
lowing the norms of the Bayesian analysis. Bayesian analysis comes in handy where we
have situations like comparing models along with the parameter estimation. This work has
been published in Ref. [65].
The chapter is organized as follows. Section 5.1 briefly describes the halo EFT ap-
proach for the 3He(α, γ)7Be reaction and includes the phase-shifts, capture amplitude and
cross section expressions from Ref. [21] that were obtained in the halo EFT framework.
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Section 5.2 describes the Bayes’ theorem with the associated terms prior distribution, like-
lihood function, evidence and posterior distribution. Section 5.2 also explains how the pos-
terior samples are made using MCMC algorithm and evidence is calculated using nested
sampling. Section 5.3 presents the results and analysis. These results were obtained using
most recent capture data. Phase shift data are from an old source due to lack of availability
of recent data. Concluding remarks on Bayesian Analysis of 3He(α, γ)7Be reaction are
included in the last section, Section 5.4.
5.1 Halo EFT Calculation
In our Halo EFT calculations we consider 7Be nucleus as a distinct two cluster con-





−, and are denoted by 2P3/2 and 2P1/2 in the spectroscopic notation
2S+1LJ . The ground state 2P3/2 has a binding energy B0 = 1.5866 MeV and the first ex-
cited state 2P1/2 has a binding energy B1 = 1.1575 MeV. The next excited state is about
8 MeV above the 3He-α threshold. So, we include only the ground and first excited states
which are relevant at astrophysical energies. The proton separation energy of 3He (∼ 20
MeV) and excited states of α (& 20 MeV) are identified with the high energy scale. At low
energy, this radiative capture reaction is dominated by E1 transition from initial s-wave
state to final p-wave states.
5.1.1 Interaction Lagrangian
We consider the Lagrangian given by Eq. (2.4) for our calculation [21] and use ψ and
φ instead of N and C. where the fermion field ψ and the scalar field φ represent the 3He
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nucleus field and the α field with spin-parity assignments 1
2
+ and 0+ respectively. We use
mψ = 2809.41 MeV, and mφ = 3728.4 MeV as the masses of 3He and α. M = mψ +mφ
is the total mass. P (ζ)[j] and χ
(ζ)
[j] are the projectors and the auxiliary fields with index [j]
to indicate the relevant spin-angular momentum channels for the initial states ζ = 2S1/2
,2D3/2, 2D5/2 and final states ζ = 2P3/2 and 2P1/2.
















where ∆(s) and h(s) are the two s-wave couplings and Pαβ,s is the s-wave projector.




































αβ for ζ = 2P3/2 . (5.3)
∆(ζ), h(ζ) are the two couplings for the p-wave channels ζ = 2P3/2 and ζ = 2P1/2 .
5.1.2 s-wave and p-wave scattering phase shifts
The Coulomb subtracted phase shift δ0 for the s-wave scattering can be expressed using
modified effective range expansion parameters as Eq. (2.50), where the ERE parameters
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a0, r0 and s0 are the s-wave scattering length, s-wave effective range and s-wave shape
parameter respectively.
The p-wave scattering phase shift δ1 can be parameterized by the modified effective
range expansion parameters ρ1 and σ1 as Eq. (2.49), where ρ1 and σ1 are the p-wave effec-
tive range and p-wave shape parameter respectively.
5.1.3 Radiative capture
At low energy, the radiative capture is dominated by E1 transition from initial s-wave
state 2S1/2 to both final bound states, ground state 2P3/2 and the first excited state 2P1/2.
Here we also include a small contribution from initial d-wave states 2D3/2 and 2D5/2 to













at c.m. momentum p of the incoming particles. Where γ0 =
√
2µB0 and γ1 =
√
2µB1
are the binding momenta of ground state and the first excited state of 7Be. M = mψ +mφ
and µ = mψmφ/M are the total mass and the reduced mass respectively. The squared
amplitude is given by













where the index ζ represents the two bound states 2P3/2 and 2P1/2 with j = 3/2 and
j = 1/2 respectively. Zφ = 2 and Zψ = 2 are the charges of α and 3He. The fine
structure constant αe = e2/(4π) ≈ 1/137. The amplitudes A(p) and Y (p) are the capture
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contributions from initial s and d wave states.




∣∣∣∣∣X(p)− 2πµ2 B(p) + µJ0(p) + µ2k0L
(ζ)
E1
[C0(ηp)]2p(cot δ0 − i)
∣∣∣∣∣ , (5.6)
where k0 is the photon energy and L
(ζ)
E1 is the 2 two-body currents for each channel ζ =
2P3/2 and ζ = 2P1/2. X(p), the contribution without initial state strong interaction is given
by Eq. (4.2).
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The S-factor is calculated as a function of the c.m. incoming kinetic energy E = p2/(2µ)





where ηp = αeZψZφµ/p is the Sommerfeld parameter.
5.2 Bayesian parameter estimation and Model comparison
Bayesian inference is a statistical procedure based on Bayes’ theorem and can be used
to estimate parameters and compare models. Bayes’ theorem states that,
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P (θ|D,H) = P (D|θ, H)P (θ|H)
P (D|H) , (5.10)
where D, and θ are the set of data and the set of unknown parameters respectively. H is
the proposition where we include all the theoretical assumptions and background informa-
tion. The prior distribution P (θ|H) is the probability distribution of parameters θ given
H before the data are taken into account. P (θ|H) represents our assumptions about the
expected sizes of the unknown parameters. These assumptions are made considering the
naturalness arguments, symmetry arguments or constraints from other experimental data.
The likelihood function P (D|θ, H) is the conditional distribution of the data given the pa-
rameters and P (D|H) is the evidence which is also known as the marginal likelihood and




dθiP (D|θ, H)P (θ|H), (5.11)
comes from marginalizing the likelihood on the parameters. We use
∫ ∏
i dθiP (θ|D,H) =
1 above for normalized probabilities. P (θ|D,H) is the posterior distribution of the param-
eter set θ given H and that expresses the uncertainty about the parameter set after taking
both data and priors in to account. The goal of the parameter estimation is to make posterior
distributions using the likelihood function P (D|θ, H) and the prior distribution P (θ|H).
The evidence P (D|H) is the overall normalization factor and that is independent of param-
eters θ. Therefore, it is not required to calculate the evidence in the process of parameter
estimation. One can use the Markov chain Monte Carlo (MCMC) algorithm such as the
Metropolis-Hasting algorithm [66] to make posterior samples. Each sample corresponds
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to a point in the multidimensional parameter space.
In our EFT calculations we derive expressions for S-factor and phase shifts which have set
of unknown couplings/parameters we wish to constrain from available data. We represent
these couplings/parameters set by θ in the multidimensional parameter space. We use a
Gaussian (or normal) distribution as our likelihood function and which is given by:











where D is the set of data with N measurements yi having corresponding measurement
errors σi. µi(θ) are our EFT predictions.
In the model comparison it is necessary to calculate the evidences. If we have two models
Model A (MA) and Model B (MB) that describe the set of data D, then we can compare













are the ratio of the evidences and the prior odds respec-
tively. In our analysis we set the prior odds to 1 assuming no prior bias towards or against
any model. So the posterior odds is just the ratio of the evidences of the two models MA
and MB.
If we use α and β to represent the parameters of MA and MB, then the evidences are
P (D|MA, H) =
∫ ∏
i
dαiP (D|α,MA, H)P (α|MA, H) ,
P (D|MB, H) =
∫ ∏
i
dβiP (D|β,MB, H)P (β|MB, H) . (5.14)
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The multidimensional integrals above make the evidences calculation very challenging.
The nested sampling (NS) method which is based on the MCMC technique makes the
evidences calculation easier by converting the multidimensional integral to an one dimen-
sional integral [66]. The nested sampling method works as follows. The NS method starts
with randomly drawingNlive points from the prior distribution P (θ|H) and arranging them
from the lowest likelihood value to the largest. Then the point corresponds to the lowest
likelihood value (worst point) is recorded and replaced with a new point drawn from the
prior with the condition the new point has a larger likelihood value than the worst point.
The population of points moves progressively higher in likelihood as this process is re-
peated. At each iteration the worst point is replaced by a Monte Carlo update using the
Metropolis-Hasting algorithm [66].
The review article [67] points out several NS algorithm techniques that can be used
to calculate evidences. We used nested sampling algorithm implemented in C++ [68] and
MultiNest algorithm [69] implemented in Python [70] and these methods disagree by about
∼ 2 in the calculation of ln[P (MA|D,H)/P (MB|D,H)]. Some parts of the C++ code in
the former technique behave as black boxes. We present the results correspond to the latter
technique because of the transparency.
5.3 Results and analysis
The total capture cross section σ(p) is the sum of the two squared amplitudes |M (ζ)|2,
where ζ = 2P3/2 for the ground state and ζ = 2P1/2 for the first excited state. |M (ζ)|2
depends on A(p) and Y (p) that are the captures from initial s-wave and d-wave states re-
74
spectively. A(p) depends on two-body current couplings L(ζ)E1 for ζ = 2P3/2, ζ = 2P1/2
and the initial state strong interaction s-wave phase shift δ0. δ0 can be expressed in mod-
ified effective range parameters a0, r0 and s0 as in Eq. (2.50). Y (p) does not contain any
unknown parameters. The multiplication factor (2π/µ)Z(ζ) in Eq. (5.5) is the overall wave
function renormalization factor that depends on the binding momentum γ = γ0 (γ = γ1)
for the ground state (first excited state) and the p-wave effective range ρ(ζ)1 for ζ =
2P3/2
(ζ = 2P1/2). For convenience we use the notation ± to indicate the 2P3/2 and 2P1/2 chan-
nels. So the cross section and the related S-factor expressions depend on the 7 unknown







In our Bayesian analysis we fit the capture data and phase shifts data simultaneously.
Fitting to capture data alone does not constrain the p-wave effective ranges ρ± accurately.
This is due to the wave function renormalization constant (2π/µ)Z± having two poles near
ρ+1 = −47.4 MeV and ρ−1 = −32.4 MeV. So we fit capture data along with s-wave and p-
wave phase shift data and that accounts the two unknown couplings σ±. There are a total of
9 unknown parameters/couplings to be estimated. The capture data are from ERNA [60],
LUNA [61], Notre Dame [62], Seattle [63], and Weizmann [64]. These measurements
include prompt photon, activation and also recoil data. The phase shift data is from an old
source [71] that was reanalyzed in Ref. [72]. The phase shift data starts from around 1.9
MeV and we fit the phase shift data up to 3 MeV.
We fit capture data over two regions. We denote the region with capture data up to c.m.
energy (momentum) E . 1 MeV (p . 60 MeV) as region I and that contains 42 S-factor
data and 20 R0 data points, where R0 is the branching ratio which is the ratio between the
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capture to first excited state and capture to ground state. We denote the region with capture
data up to E . 2 MeV (p . 80 MeV) as region II and that contains 70 S-factor data and





1 . We have following four combinations of data sets.
1. Region I capture data with phase shift data (42 S-factor data, 20 R0 data, and 30
phase shift data points)
2. Region I capture data without phase shift data (42 S-factor data and 20 R0 data
points)
3. Region II capture data with phase shift data (70 S-factor data, 32 R0 data, and 30
phase shift data points)
4. Region II capture data without phase shift data (70 S-factor data, 32 R0 data points)
In the halo EFT approach, the low momentum scale Q for this reaction consists with
the momentum p ∼ 70 MeV and final state binding momenta γ0 ∼ γ1 ∼ 60–70 MeV.
The large cutoff scale Λ consists with the pion mass, excited state of 3He and α and Λ &
150–200 MeV. Consider the expression for the capture from initial s-wave state Eq (5.6)
at arbitrarily low momentum p, then the first term X(p) is O(1) and this contains only
Coulomb interaction while the rest of the terms scales as a0(B + µJ0)/µ2 and a0k0L
(ζ)
E1 .
According to references [21, 39], the term (B + µJ0)/µ2 scales as Q3/Λ2 and the photon
energy k0 = (p2 + γ2)/(2µ) ∼ Q3/Λ2. The two body currents contribution is a0k0L(ζ)E1 ∼
a0Q
3/Λ2 for a natural size coupling L(ζ)E1 ∼ 1.
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Numerical analysis in Ref. [21] gives a large s-wave scattering length a0 ∼ 20–30 fm
when the two body currents are included and it states that a0 scales as a0 ∼ Λ2/Q3.
Therefore, a0(B+µJ0)/µ2 ∼ 1 and two-body currents a0k0L(ζ)E1 ∼ 1 are LO contributions.
The other parameters and couplings scale as r0 ∼ 1/Λ, s0 ∼ 1/Λ3, ρ(±)1 ∼ Q, σ(±)1 ∼
1/Λ, L(±)E1 ∼ 1. We call this power counting as Model A and in this power counting the




E1 contribute at LO in the capture cross section and s0 contributes
at NLO. The s-wave phase shift δ0 gets the LO contribution from a0, r0 and s0 contributes
at NLO. The p-wave phase shift δ(+)1 (δ
(−)








1 ) at NLO.
Consequently the numerical analysis without two body currents gives a smaller scat-
tering length a0 ∼ 5 − 10 fm ∼ Λ/Q2 [21] and the rest of the parameters have the same
scaling as Model A. As a result of a0 ∼ Λ/Q2, a0(B + µJ0)/µ2 ∼ Q/Λ and two-body
currents a0k0L
(ζ)
E1 ∼ Q/Λ become NLO contributions. We call this power counting as
Model B. In this power counting the LO cross section depends only on ρ(±)1 ; a0 and L
(±)
E1
contributes at NLO; and r0 and the d wave contribution Y (p) contribute at NNLO. In the
s-wave phase shift δ0, a0 contributes at LO; r0 at NLO; and s0 at NNLO. The p-wave phase
shift scaling is same as before.
The χ2 for the fit without two-body currents is larger than the one with two-body cur-
rents when phase shift data, especially δ0, was used. So this work investigates for a pos-
sibility the uncertainties in the phase shift data have not been quantified correctly and the
actual errors being larger than the estimates. Therefore we use σ2 → K2 + σ2 to add an
unaccounted noise K is drawn from the uniform distribution U(0◦, 10◦). Another sugges-
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tion is the use of σ2 → K2σ2 with K drawn from U(1, 10). Both the methods give similar
results so only the results for K2 + σ2 are included here.
The prior distributions for the parameters were chosen as follows according to the EFT
power counting estimates.
a0 ∼ U(1 fm, 70 fm)
r0 ∼ U(−5 fm, 5 fm)
s0 ∼ U(−30 fm3, 30 fm3)
ρ
(+)
1 ∼ U(−300 MeV,−48 MeV)
ρ
(−)
1 ∼ U(−300 MeV,−33 MeV)
σ
(±)
1 ∼ U(−5 fm, 5 fm)
L
(±)
1 ∼ U(−10, 10)
K ∼ U(0◦, 10◦)
According to the power counting suggested by Ref. [21], a0 ∼ 20− 30 fm ∼ Λ2/Q3 and
r0 ∼ 1 fm ∼ 1/Λ. Therefore we choose the above uniform distributions for a0 and r0 that
are wide enough and not pressed against the boundaries. Similarly we choose the above
uniform prior distributions for all the other parameters/couplings considering the power
counting estimates.
Figure 5.1 [65] presents the fits for S-factor vs. c.m. energy and theR0 vs. c.m. energy.
These fits are the simultaneous fits to capture data in region I, Ecm . 1000 keV with and
without phase shifts data. Panel (a) and (b) are the fits with phase shifts data while the panel
(c) and (d) are fits without phase shifts data. Note that all the fits were obtained from the
posterior distributions of the parameters, not directly using the median parameter values
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from the table 5.1. It is clear in panel (a) that Model A is able to reproduce the capture data
in region II Ecm . 2000 keV though we fit capture data in region I. On the contrary Model
B is unable to reproduce capture data in region II. Moreover, Model B parameters are not
consistent with the EFT power counting. It gives a larger value for a0, as in table 5.1,
where a smaller a0 is expected. The numerical errors in the evidence calculations emerge
from the MCMC algorithm.
In region I, Ecm . 1000 keV, the posterior odds for the fits with phase shifts is
ln[P (MA|D,H)/P (MB|D,H)] ≈ 3.1 ± 0.7 slightly favoring Model A. Correspondingly
the posterior odds for the fits without phase shifts is ln[P (M?A|D,H)/P (M?B|D,H)] ≈
6.6± 0.6 largely favoring Model A. Fig. 5.2 presents the fits to s-wave and p-wave scatter-
ing phase shifts. In Fig. 5.2, left panels are the fits to phase shifts data and the right panels
are the phase shifts predictions from the capture data in region I.
Figure 5.3 [65] and Fig. 5.4 are the fits to the capture data and phase shifts data in
region II and the notations are similar to Fig. 5.1 and 5.2 respectively. In region II, the
posterior odds for the fits with phase shifts is ln[P (MA|D,H)/P (MB|D,H)] ≈ 38.8±0.8
and the posterior odds largely favor Model A II over Model B II. The posterior odds without
phase shifts is ln[P (M?A|D,H)/P (M?B|D,H)] ≈ 1.1± 0.8 and both the Models A∗ II and
B∗ II are equally favored. These fits along with the large K value for Model B II in table
5.1 show that the Model B is not able to reproduce capture data and phase shifts data
simultaneously over a large region.
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Figure 5.1
3He(α, γ)7Be: Model comparison for capture cross section in region I. Solid and the long-
dashed curves are the median result for Model A and Model B. The shaded region,
bounded by the dashed (red) curves, represents 68% of the posterior distribution.
We include the χ2 result as dot-dashed curve for comparison. The inset shows
the distribution for Model A at E? = 60× 10−3 keV.
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Figure 5.2
Model comparison for scattering phase shifts of 3He(α, γ)7Be with capture data in region
I. Notations are similar to Fig. 5.1. Left panels are the fits from the phase shifts and
the right panels are the the predictions from capture data in region I.
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Figure 5.3
Model comparison for capture cross section of 3He(α, γ)7Be in region II, Ecm . 2000
keV. Notations are same as in Fig. 5.1.
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Figure 5.4
Model comparison for scattering phase shifts of 3He(α, γ)7Be with capture data in region
II . Notations are similar to Fig. 5.2.
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5.4 Conclusions and summary
We use Bayesian inference to estimate parameters for two different power countings.
The estimated parameter values are included in table 5.1. Further we compare the two
power countings using Bayesian evidences. The two power countings differ from each
other by the contribution of the two-body currents in the perturbative expansion. In the
power counting with the larger a0, the two-body currents appear in the LO and we called
it as Model A. In the other power counting, the smaller a0 makes the two body currents
as a NLO contribution and that is Model B. We fit capture data and phase shift data to 4
possible combinations of data sets. For each combination, we draw Bayesian fits for Model
A and Model B. In region I (the region with capture data up to 1 MeV) Model A is favored
with and without phase shift data. Model A with phase shift is referred to as Model A I and
that describes the capture data best over the range Ecm . 2000 keV. Model B fits propose
a large a0 and that conflicts the power counting predicted smaller a0.
Table 5.1
Parameter values from fits to capture data in region I and region II with and without phase
shifts data. The fits without phase shifts are indicated by the asterisk ∗ sign.













Model A I 47.6 ± 1.9 1.01 ± 0.09 -1.8 ± 0.9 -72.9 ± 6.3 2.11 ± 0.19 -49.4 ± 4.2 1.99 ± 0.15 1.42 ± 0.14 1.25 ± 0.15 0.3 ± 0.2
Model B I 38.6 ± 2.1 1.1 ± 0.1 -1.8 ± 1.1 -61.3 ± 0.4 1.76 ± 0.03 -52.5 ± 6.1 2.10 ± 0.21 1.12 ± 0.02 1.41 ± 0.24 0.3 ± 0.2
Model A∗ I 20.6 ± 5.6 -0.25 ± 0.54 -16.6 ± 5.9 -94 ± 16 - -151 ± 49 - 3.38 ± 0.97 7.23 ± 1.87 -
Model B∗ I 21.1 ± 5.2 -1.56 ± 1.06 - -60 ± 1 - -144 ± 23 - 1.25 ± 0.03 6.59 ± 1.95 -
Model A II 40.2 ± 4.8 1.08 ± 0.09 -2.2 ± 0.7 -58.9 ± 1.1 1.69 ± 0.04 -45.1 ± 1.5 1.84 ± 0.07 1.02 ± 0.04 1.07 ± 0.07 0.3 ± 0.2
Model B II 7.6 ± 0.6 1.32 ± 0.02 5.2 ± 1.1 -53.5 ± 0.2 1.53 ± 0.05 -40.1 ± 0.2 1.68 ± 0.06 -0.01 ± 0.08 0.02 ± 0.08 2.2 ± 0.5
Model A∗ II 43.8 ± 2.6 1.01 ± 0.08 -6 ± 2 -65.4 ± 2.7 - -51.4 ± 3.7 - 1.25 ± 0.07 1.35 ± 0.11 -
Model B∗ II 3.8 ± 1.2 1.07 ± 0.24 - -53.5 ± 0.2 - -40.2 ± 0.2 - -1.44 ± 1.35 -1.4 ± 1.3 -
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In region II, we call Model A (Model B) with phase shifts as Model A II (Model B
II) and the asterisk ∗ indicates fits without phase shift data. Model A II is favored over
Model B II by the posterior odds and both the Models A∗ II and B ∗II are equally favored
without constraint from phase shift data. We summarize the estimated S-factor and the
branching ratio R0 for the favored models in table 5.2. All the numbers were estimated at
Ecm? = 60 × 10−3 keV. The first set of errors are estimated using the covariance matrix
and the second set of errors are the estimated EFT error. The EFT error for the Model A
with terms up to NLO is 10% and the Model B with terms up to NNLO has a smaller error
of 3%.
Table 5.2
S34 and branching ratio R0 for 3He(α, γ)7Be at threshold (defined as E? = 60 × 10−3
keV).
Fit S34(E?) (keV b) R0
Model A I 0.541 ± 0.012 ± 0.055 0.392 ± 0.016 ± 0.039
Model A∗ I 0.551 ± 0.015 ± 0.055 0.369 ± 0.012 ± 0.039
Model A II 0.551 ± 0.011 ± 0.055 0.390 ± 0.007 ± 0.039
Model A∗ II 0.541 ± 0.011 ± 0.055 0.376 ± 0.003 ± 0.039
Model B∗ II 0.571 ± 0.006 ± 0.017 0.398 ± 0.005 ± 0.012
The estimated values for the S-factor can be compared to the other calculations such
as: 0.593 keV b from FMD [73], 0.59 keV b from NCSM [74]; and estimations based
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on experimental data such as: [0.580 ± 0.043(stat.) ± 0.054(sys.)] keV b from Cyburt-
Davids [75], (0.57 ± 0.04) keV b from ERNA [60], (0.567 ± 0.018 ± 0.004) keV b from
LUNA [61], (0.554 ± 0.020) keV b from Notre Dame [62], (0.595 ± 0.018) keV b from
Seattle [63], and (0.53 ± 0.02 ± 0.01) keV b from Weizmann [64]. The most recent EFT
calculations using Bayesian inference in Ref. [76] estimated S34(0) = 0.578+0.015−0.016 keV b
and R0(0) = 0.406+0.013−0.011 by fitting only capture data. This is more closer to our model
B∗ II values. The “best” recommended value from the review in Ref. [58] is: S34(0) =
[0.56± 0.02(expt.)± 0.02(theory)] keV b.
If one wants to include scattering phase shift data, this study suggests Model A II. On
the other hand both the models Model A∗ II and Model B∗ II explain the data well if one
wants to include only capture data.
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CHAPTER 6
BAYESIAN ANALYSIS OF 3H(α, γ)7LI REACTION
3H(α, γ)7Li is the key nuclear reaction for the production of 7Li in primordial nucle-
osynthesis. The cross section and related S-factor measurements of this reaction at low
energies can provide useful information about the primordial 7Li abundances. However
the experimental measurements at low energy is very difficult due to the strong Coulomb
repulsion between the two charged nuclei 3H and α.
The earliest experimental measurements for the capture cross section of 3H(α, γ)7Li was
done in Ref. [77] and they observed that the S-factor is constant at low energies with the
value S(E) = 0.064 ± 0.016 keV b. On the other hand the Ref. [78] discovered that the
S-factor is energy dependent and rising smoothly to S(0) = 0.14 ± 0.02 keV b and they
deduced branching ratio R0 = 0.32± 0.01.
A number of theoretical approaches for the S-factor calculation can be found in Refs. [79,
80, 81, 82, 83, 84, 85, 86]. Among them Refs. [79, 80] are based on direct capture model
and in Ref. [81], calculations were done by analyzing 3H-α scattering in the framework
of the optical model using double-folded potentials. Potential cluster model treatment was
used in Refs. [82, 84] and they estimated S-factor values as S(0) = 0.09 ± 0.03 keV b
and S(0) = 0.097± 0.010 keV b respectively. Furthermore, in Refs. [87, 83], the resonat-
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ing group method was applied to deduce the S-factor and the calculations indicated that
the S-factor is increasing when the energy is decreasing. In Ref. [85], the no-core shell
model with continuum approach is used to estimate S-factor for both 3H(α, γ)7Li and
3He(α, γ)7Be reactions. Recently, in Ref. [86] the capture cross section is calculated using
the wave functions derived from the realistic nucleon-nucleon interactions by variational
Monte Carlo technique.
An unexplained discrepancy of factor 3-4 between the primordial 7Li abundances cal-
culated from BBN along with Wilkinson Microwave Anisotropy Probe (WMAP) cosmic
baryon density measurements and the observations of metal-poor stars in our galaxy still
remains [88, 89]. Neither the recent measurements nor the theoretical approaches could
reduce or explain this discrepancy.
The chapter is organized as follows. In Section 6.1 we explain the Halo EFT approach
for the 3H(α, γ)7Li reaction. Only the final expressions from the previous chapter are
included here since the formalism is similar to the 3He(α, γ)7Be calculations. In Sec-
tion 6.2 we present our results that were obtained by the Bayesian inference similar to the
3He(α, γ)7Be analysis. In the last section we include a brief discussion with a summary of
the calculations.
6.1 Halo EFT Calculation
3H(α, γ)7Li is the iso-spin mirror of 3He(α, γ)7Be reaction, so we use the same Halo
EFT formalism that we applied in the previous chapter. The point like clusters 3H and α
form the bound states of 7Li nucleus with spin-parity assignment 3
2
− for the ground state
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2P3/2 and 12
− for the first excited state 2P1/2. The ground state 2P3/2 has a binding energy
B0 = 2.467 MeV and the first excited state 2P1/2 has a binding energy B1 = 1.989 MeV.
The higher excited states lie at least about 6 MeV above the 3H-α threshold and we do
not include them in the low energy regime. The neutron separation energy of 3H (∼ 6
MeV) and excited states of α (& 20 MeV) are identified with the high energy scale. At low
energy, the capture cross section gets the dominant contribution from E1 transition from
initial s-wave state to final p-wave states. The calculations for 3H(α, γ)7Li is similar to
3He(α, γ)7Be. The main differences between the EFT expressions for these two reactions
are the charges, masses and the binding energies of the nuclei. We include only the final
expressions for the s-wave phase shift, cross section and related S-factor.
The Coulomb subtracted phase shift δ0 for the s-wave scattering is given by Eq. (2.50).













at c.m. relative momentum p of the incoming particles. Here, the squared amplitude is
given by















2µB0 and γ1 =
√
2µB1 are the binding momenta of ground state and the
first excited state of 7Li. Zψ = 1 and Mψ = 2809.43 MeV are charge and the mass of the
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incoming 3H. All the other notations are same as the 3He(α, γ)7Be case.





where ηp = αeZψZφµ/p is the Sommerfeld parameter.
6.2 Results and analysis
In the 3H(α, γ)7Li system, the low momentum scale Q ∼ 80–90 MeV is set by the
binding momenta of the ground state γ0 and the first excited state γ1 of 7Li. The cutoff
scale Λ & 150–200 MeV is set by the pion mass and excited states of 3H and α. The
power counting is similar to 3He(α, γ)7Be reaction. Here we consider the same two power
countings, one with a large scattering length and the other with a small scattering length
a0. We call them as Model A and Model B respectively. The large scattering length a0
has the scaling a0 ∼ Λ2/Q3 gives a0 ∼ 10–20 fm and makes the two-body currents LO.
In this power counting the other parameters and couplings scale as r0 ∼ 1/Λ, s0 ∼ 1/Λ3,
ρ
(±)
1 ∼ Q, L(±)E1 ∼ 1. Furthermore, the capture cross section gets the LO contribution




E1 and s0 contributes at NLO. The s-wave phase shift δ0 gets the LO
contribution from a0, r0 and NLO contribution from s0.
In the other power counting the smaller a0 ∼ 1–5 fm has the scaling ∼ Λ/Q2 and
makes the two-body currents NLO contributions. The LO cross section depends only on
ρ
(±)
1 . a0 and L
(±)
E1 contribute at NLO. Now r0 and d-wave contribution Y (p) contribute at
NNLO. In the s-wave phase shift δ0, parameters a0, r0 and s0 contribute at LO, NLO and
NNLO respectively.
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The capture cross section data for 3H(α, γ)7Li reaction are from Caltech [90] and
Tomsk [91]. The phase shifts data are scarcely available for this reaction. Therefore, we
used digitized s-wave phase shifts data in the momentum range p ∼ 70–90 MeV from
Ref. [71]. We have not included p-wave phase shift data because they appear to be very
noisy. The uncertainties for these phase shift measurements were not included. How-
ever they mention a 3% systematic error [71]. Similar to 3He(α, γ)7Be analysis, we use
K2 +σ2 in the fits to add any unaccounted noise and K is drawn from the uniform distribu-
tion U(0◦, 10◦). Since we do not use p-wave phase shifts in the analysis, the total number





E1. We use the following priors for parameters/couplings:
a0 ∼ U(1 fm, 70 fm)
r0 ∼ U(−5 fm, 5 fm)
s0 ∼ U(−45 fm3, 45 fm3)
ρ
(+)
1 ∼ U(−320 MeV,−126 MeV)
ρ
(−)
1 ∼ U(−320 MeV,−106 MeV)
L
(±)
1 ∼ U(−10, 10)
K ∼ U(0◦, 10◦)
We fit capture data up to 1.2 MeV with and without s-wave phase shift data. 18 S-
factor(S34) data, 17 branching ratio(R0) data and 7 phase shift(δ0) data points were used
for the fits. In Fig. 6.1 [65] and Fig. 6.2 we present the Bayesian fits for the capture data
and s-wave phase shift data. In Fig. 6.1 the upper panels (a) and (b) are the fits with δ0
and the lower panels (c) and (d) are the fits without δ0. In Fig. 6.2, left panel is the fits
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to the s-wave phase shift and the right panel is the predictions from fits to capture data.
The estimated posterior odds values are ln[P (MA|D,H)/P (MB|D,H)] ≈ 19.7± 0.7 and
ln[P (M∗A|D,H)/P (M∗B|D,H)] ≈ 18.4 ± 0.6. According to these values in both cases
the posterior odds highly favor Model A. Note that the asterisk ∗ indicates the fits without
phase shift data.
6.3 Conclusions and Summary
In this work we analyze 3H(α, γ)7Li capture cross section data and phase shift data to
draw the Bayesian inferences. We fit capture data with and without s-wave phase shift data
and obtained the four fits in Fig. 6.1 for the two power countings, Model A and Model
B. The two power countings were compared calculating posterior odds. In both cases
(capture data with δ0 and capture data without δ0) the posterior odds highly favor Model A.
The parameter estimation for each power counting is included in table 6.1. The estimated
a0 values for Model B and Model B∗ are not consistent with the power counting suggested
values a0 ∼ 1–5 fm. The calculated S-factors and branching ratios for favored models are
in table 6.2. The first set of errors are from the Bayesian fits and the second set of errors are
EFT error estimations. The Model A EFT error is 16% and that comes from NNLOQ2/Λ2
corrections. We included a 7% error for Model B and that comes from NNNLO Q3/Λ3
corrections with Q ∼ γ0 ∼ 80 MeV and Λ ∼ 200 MeV. The calculated s0 (s-wave shape
parameter) values from the fits are much larger than the power counting suggested values,
especially s0 value for Model A∗ (without phase shifts). Among all the models Model A
would be the best suggestion to describe the capture cross sections and the phase shifts.
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Figure 6.1
3H(α, γ)7Li: Model comparison for capture cross section. Solid (black) curve is the me-
dian result using Model A. The shaded band around it, bounded by the dashed (red)
curves, represents 68% of the posterior distribution. The long-dashed (purple)
curve is for Model B. The dot-dashed (blue) curve is for χ2 fit. The inset
shows Model A at E?.
The recent theoretical estimations for S-factor are: 0.12 keV b from FMD [73], 0.13
keV b from NCSM [74] and experimental results are: [0.1067±0.0004(stat.)±0.0060(sys.)]
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Table 6.1
Parameter values from the fits to capture data in region I and region II with and without
phase shifts data. The fits without phase shifts are indicated by the asterisk ∗ sign.









Model A 13.9 ± 1.3 0.0 9.6 ± 4.9 -176 ± 22 -227 ± 59 2.0 ± 0.4 3.5 ± 1.1 2.2 ± 1.1
Model B 20.6 ± 1.5 2.77± 0.09 -23.9 ± 2.4 -216 ± 6 -193 ± 7 2.14 ± 0.02 2.37 ± 0.08 6.2 ± 1.5
Model A∗ 10.7 ± 1.4 -1.71 ± 0.81 32.4 ± 8.3 -223 ± 25 -255 ± 39 3.25 ± 0.65 4.89 ± 1.03 -
Model B∗ 22.7 ± 1.8 2.67 ± 0.12 - -230 ± 9 -218 ± 17 2.23 ± 0.07 2.4 ± 0.1 -
Figure 6.2
Model comparison for s-wave scattering phase shifts of 3H(α, γ)7Li. Notations are similar
to Fig. 6.1.
keV b from Caltech [90]. Our S-factor estimations are consistent with other estimated val-
ues within the error. The available p-wave phase shifts appear very noisy and the precise
measurements of elastic scattering phase shifts in the low energy range would help calcu-
late the EFT parameters accurately.
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Table 6.2
S34 and branching ratio R0 for 3H(α, γ)7Li at threshold (defined as E? = 60×10−3 keV).
Fit S34(E?) (keV b) R0
Model A I 0.097 ± 0.002 ± 0.016 0.438 ± 0.008 ± 0.070




In this work halo EFT is used to study few radiative capture reactions. These capture
reactions involving halo nuclei provide a clear separation in momentum scale because in
halo nuclei valence nucleons are weakly bound to the tight core. In chapter 2, we develop
a general formalism to describe the initial scattering state and final bound state without
and with the Coulomb interaction. The expressions derived without Coulomb interac-
tion are used in chapter 3 for 7Li(n, γ)8Li calculation and the expressions derived with
Coulomb interaction are used in chapter 4 for 7Be(p, γ)8B calculation and in chapters 5,6
for 3He(α, γ)7Be , 3H(α, γ)7Li calculations.
In the 7Li(n, γ)8Li calculation, we revisit the calculation in Ref. [14] which was done
in single channel treatment without adding the excited 7Li? core as an explicit degree of
freedom. We recalculate the E1 capture cross section using the correct coupled channel
treatment that we developed in chapter 2 by adding the excited 7Li? core as an explicit
degree of freedom and compare with the previous results in Ref. [14]. We develop two
halo EFTs one without the excited 7Li? core and the other with the excited 7Li? core to see
how excited 7Li? core affect the capture cross section. The two theories give similar results
up to NLO because they have the same momentum dependence up to NLO. The difference
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is associated with the functional dependence on the wave function renormalization constant
Z(ζ). In EFT, Z(3P2) is just a function of r(3P2)1 and in EFT?, Z(
3P ?2 ) is a function of three
effective momenta. At NNLO, the total capture to the 2+ ground state gets a contribution
from initial state strong interaction in spin S= 1 channel and this contribution depends on
whether the excited 7Li? core is included or not included in the calculations. The EFT
theory error comes from the NNLO corrections (Q2/Λ2) and which is about 10%. We
cannot see the effect of excited 7Li? core using the available data because the curves and
the error bars in the Figs. 3.2 and 3.3 overlap. The results obtained with the excited 7Li?
core here does not differ significantly from the results obtained without the excited 7Li?
core in Refs. [14, 13]. Adding the M1 transition would be the next step for developing the
theory with coupled channel treatment.
In chapter 4, we extend the 7Li(n, γ)8Li calculation to 7Be(p, γ)8B by adding the
Coulomb force in the calculation. The S-factor is calculated for the halo EFT without
excited 7Be? core in single channel treatment. The coupled channel treatment developed
in chapter 2 is used for the halo EFT with excited 7Be? core in order to calculate the
S-factor. The two theories give similar results without considering any specific power
counting and also with the proposed power countings. In both the theories, there is about
a 20% jump from LO curve to NNLO curve due to the contribution from spin S = 1
channel without initial state strong interaction that is completely absent at LO. The EFT
error is about 3% and that comes from the NNNLO (Q3/Λ3) corrections. Our estimation
using ANCs is S17(0) = (17.7 ± 0.5) keV b and which is similar to Trache, Tabacaru,
and Zhang etal using ANCs. The “recommended” value from the review in Ref. [58] is:
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S17(0) = [20.8 ± 0.7(expt.) ± 1.4(theory)] keV b. Adding the M1 transition is the next
step of developing this calculation. We have already derived the necessary expressions for
the M1 transition and the publication is under preparation.
In chapter 5, we revisit the 3He(α, γ)7Be calculation in Ref. [21] and perform few
analysis of the cross section for the 3He(α, γ)7Be reaction using Bayesian analysis. We
consider two competing power countings [21] depend on the order of the two body currents
contribution. In one power counting the scattering length has a larger value and that makes
the two body currents LO and we call this Model A. In the other power counting, the two
body currents contribute at higher orders because the scattering length has a smaller value
and we call this Model B. We simultaneously fit capture data and phase shift data over
two regions even though the elastic scattering data is not well measured. In one region
we fit capture data up to 1 MeV with and without phase shift data. In the other region,
we fit the capture data up to 2 MeV with and without phase shift data. The posterior
odds for these models were calculated using nested sampling algorithm. We suggest the
best model using posterior odds. It is clear from panel (a) in the Fig. 5.1 that Model A
is able to reproduce the capture data in region II Ecm . 2000 keV though we fit capture
data in region I. On the contrary Model B is unable to reproduce capture data in region II.
Moreover, Model B parameters are not consistent with the EFT power counting. It gives
a larger value for a0, as in table 5.1, where a smaller a0 is expected. From various fits
we suggest Model A if we want to include phase shift information, and either Model A or
Model B if the phase shift information is not included. Among all the models, we propose
Model A II as the best model for S-factor calculation and our estimated value S = (0.551
98
± 0.011 ± 0.055) keV b for Model A II is consisted with the best recommended value
S34(0) = [0.56± 0.02(expt.)± 0.02(theory)] keV b in Ref. [58].
In chapter 6, we continue the Bayesian parameter estimation and Model comparison
to the 3H(α, γ)7Li reaction which is the iso-spin mirror of the 3He(α, γ)7Bereaction. We
follow the similar procedures we used in the previous chapter. We only use s-wave phase
shift data because the p-wave phase shift data appear very noisy for the 3H(α, γ)7Li reac-
tion. We use the same models Model A and Model B similar to the 3He(α, γ)7Be case,
but the capture data is fitted in one region up to 1 MeV with and without phase shift data.
The posterior odds favor Model A with or without constraint from phase shift data. Model
B fits are not consisted with the power counting estimate for a0 values. At threshold, the fit
without phase shift data gives a larger S-factor value. The theory error is about 16 % and
which comes from the NNLO corrections (Q2/Λ2). The S-factor values calculated in this
work is consisted with the other estimated values in the literature within the errors.
In EFT, a systematic expansion is used to calculate the nuclear observables with reliable
error estimates. Halo EFT description of radiative capture reactions is an excellent way to
relate the reaction cross sections and the structure of the nucleus. From this, we can infer
important information on both the structure of the compound nucleus and the synthesis of
the compound nucleus through the corresponding radiative capture reaction.
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